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Abstract

Low-density parity-check codes are studied over Markov
channels with time-varying gaussian or bit-flipping noise.
The belief propagation decoding algorithm is extended to
include channel estimation and the gains this extension pro-
duce are experimentally determined.

1 Introduction

Low-density parity check (LDPC) codes have been well
studied over memoryless channels and are known to have
good performance [8]. However the study of them over
channels with memory is a less well developed field.
Worthen and Stark have described extending belief prop-
agation to include channel inference [14] and experimental
work on channels with block memory [13].

Markov channels are a useful bursty channel model as
with a sufficient number of states they can model many
noise characteristics [11, 15]. However a two-state system
shows enough complexity to test codes [9]. Worthen [12]
describes some initial work with Markov channels and Wa-
dayama [10] and Garcia-Frias [3] both have presented some
results with bit-flipping channels. In this paper we will ex-
tend this by looking at both gaussian noise and bit-flipping
noise two-state Markov channels.

2 LDPC Codes

LDPC codes are a class of linear block codes. A binary
LDPC code is defined by its sparse parity-check matrix,
H, often constructed to have particular column and row
weights. Codes constructed in this manner are known to
have intrinsically good performance using a maximum like-
lihood decoder. See [6] for a comprehensive coverage of
LDPC codes.

2.1 Decoding on a graph

A parity-check matrix fragment:

H =







1 1 0 · · ·
0 1 1 · · ·
...

...
...

. . .






(1)

will create the bipartite graph fragment shown in figure
1. The columns and rows correspond to symbol nodes and
check nodes respectively; the position of 1s denote connec-
tions between them. In the following Gij is the condition
that a link exists between check node i and symbol node j
(ie iff Hij =1).
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Figure 1: A graph fragment corresponding to Equation 1. Filled
and open circles represent the check nodes and symbol nodes
respectively. In this example the row and column weights are 3
and 2 respectively

2.2 Check Node Computation

Each check node i sends to symbol node j a message Ra
ij

that is an approximation to the probability of check i being
satisfied if symbol j is a (a∈{0, 1}):

R1
ij = Pr(

∑

l Hilxl =0|xj =1) (2)

=
∑

x:xj=1

Pr(
∑

l Hilxl =0|x) Pr(x|xj =1) (3)

≈
∑

x∈Ci:xj=1

∏

k:k 6=j,Gik

Qxk

ik (4)

R0
ij = 1 − R1

ij (5)

where x is the transmitted vector, Qa
ij are the messages

received from the symbol nodes (an approximation to the
probability that symbol j is a according to the check nodes
other than i and the channel probabilities) and Ci is the
set of all the valid code words of the check node. Equation
4 can be evaluated by the forward-backward algorithm [1].

2.3 Symbol Node Computation

We need to evaluate both the messages to be passed back
to the check nodes Qa

ij and a tentative decoding for that
symbol node. Qa

ij is an approximation to the probability
that symbol j is a according to the channel probabilities
and the check nodes other than i – the symbol Si is used
below to indicate that check node i is satisfied:

Q1
ij = Pr(xj =1|{∀Sk : Gkj , k 6= i}, f) (6)

= Zij Pr(xj =1|f) Pr({∀Sk : Gkj , k 6= i}|xj =1)(7)

≈ Zijfj(1)
∏

k:k6=i,Gkj

R1
kj (8)

Q0
ij = 1 − Q1

ij (9)



where fj(a) is the prior probability that symbol j is a and
Zij is a normalizing constant.

The tentative decoding for that symbol is:

t̂j = max
a

(Pr(xj =a|{∀Sk : Gkj}, f)) (10)

≈ max
a



fj(a)
∏

k:Gkj

Ra
kj



 (11)

2.4 Iteration

Q1
ij is first initialized to fi(1). Messages are then passed on

the bi-partite graph in a chosen manner (typically all the
check nodes are updated, followed by all the symbol nodes
and this is then repeated) until a successful decoding results
or a maximum number of steps has been taken.

3 Markov channels

A Markov channel is defined by a set of states and the
transition probabilities between these states. Each state
will have a characteristic noise associated with it. In this
paper this noise will either be bit-flipping noise with a sym-
metrical bit-flip probability pf or gaussian noise with a par-
ticular standard deviation. Each bit transmission will have
a state associated with it – the channel state for the next
transmission is determined by the state transition proba-
bilities. Each state therefore has a typical run length in the
state sequence; if a particular state has a probability pc of
changing to any different state then:

E(run length) =

∞
∑

i=1

i(1 − pc)
i−1pc (12)

= 1/pc (13)

The capacity of the two-state bit-flipping channel (called
the Gilbert-Elliott channel) has been calculated in [7]. Us-
ing a simple channel model, figure 2(a), the capacity and
two related capacities were calculated, figure 2(b):

Gilbert-Elliott capacity This is as calculated by the it-
erative calculation in [7]. Computationally, 1000 bins
were used. It can be seen that for long typical burst
lengths the accuracy of the calculation is starting to
reduce, causing a deviation from a smooth curve.

Genie-aided capacity This is the capacity when the
state of the channel is available to the decoder. For
the example illustrated, the channel then splits into
two channels, an erasure channel (when pf = 50%),
and a noiseless channel (when pf =0%). The capacity
is then 0.5 since each channel is used half the time.

Interleaved capacity If the Markov properties of the
channel state are ignored then the channel can be con-
sidered as a BSC with noise level pf equal to the time-
average bit flip rate. For the example shown this is
pf =25%.

When the bursts are very small they are hard to distin-
guish when decoding and hence as the typical burst length
decreases the Gilbert-Elliott capacity tends to the inter-
leaved capacity. Conversely as the burst length increases
one can detect more easily where the bursts are and the
capacity tends towards the genie-aided capacity.
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(a) An example channel model. Each state is rep-
resented by a circle indicating pf and the arrows
are labelled with state transition probabilities
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Figure 2: An example Gilbert-Elliott channel and its capacity
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Figure 3: A sample set of received amplitudes from the trans-
mission of i.i.d. bits over a Markov channel with two gaussian
noise states separated by 7dB. The transmissions occurring dur-
ing the noisy state are shaded.

The capacity for gaussian noise channels has not been
calculated to our knowledge (more complicated finite al-
phabet channels are addressed in [4]).

4 Modifications to the decoding al-

gorithm

The most basic decoding algorithm ignores the time-
dependent properties of the channel and calculates the in-
put probabilities fi using the average noise characteristics.
We will call this the “No state estimation” algorithm.

An improvement would be to estimate the channel state
based on the amplitudes received (an example set of re-
ceived amplitudes is shown in figure 3). We can use the
different characteristic forms of the received signal in each
of the states to estimate the state sequence using a stan-
dard HMM algorithm, the forward-backward algorithm [2].
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Figure 4: The one-off state estimation algorithm with channel
nodes shown in grey

We want to calculate:

Pr(xi =1|r) =
∑

j∈S

Pr(xi =1|r, sij) Pr(sij |r) (14)

=
∑

j∈S

Pr(xi =1|ri, sij) Pr(sij |r) (15)

where r is the received signal, S is the set of states and sij

represents being in state j at time i. The first term can
be calculated using Bayes’s theorem and the noise model.
The second term can be calculated as follows:

Pr(sij |r) ∝ Pr(sij , r) (16)

∝ Pr(sij , r1,···,i) Pr(r(i+1),···,N |r1,···,i, sij)(17)

∝ Pr(sij , r1,···,i) Pr(r(i+1),···,N |sij) (18)

∝ αijβij by definition (19)

α and β are called the forward and backward probabilities
and can be evaluated recursively:

αij =
∑

k∈S

Pr(sij |si−1,k) Pr(ri|sij)αi−1,k (20)

βij =
∑

k∈S

Pr(si+1,k|sij) Pr(ri+1|si+1,k)βi+1,k (21)

using the following boundary conditions:

α0,i = Pr(s0,i) (22)

βN,i = 1 (23)

This algorithm can be seen as adding extra nodes to the de-
coding graph which we will call channel nodes, as illustrated
in figure 4. We will call the whole decoding algorithm the
“one-off state estimation” algorithm. This algorithm will
not work for bit-flipping channels as Pr(ri|sij) is indepen-
dent of sij for i.i.d. transmitted bits.

A further improvement would be to expand belief prop-
agation over these new nodes [14]. In the traditional belief
propagation style we will have messages gi coming up from
the symbol nodes:

ga
i = Pr(xi = a|{∀Sk : Gki}) (24)

= Zi Pr({∀Sk : Gki}|xj = a) (25)

≈ Zi

∏

k

Ra
ki (26)

and the computation at each node will have to be changed:
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Figure 5: The iterative state estimation decoding algorithm

Pr(xi =1|r, {∀gk : k 6= i})

=
∑

j∈S

Pr(xi =1|ri, sij) Pr(sij |r, {∀gk : k 6= i})(27)

∝
∑

j∈S

Pr(xi =1|ri, sij)α
′
ijβ

′
ij (28)

where α′ and β′ are a modified version of α and β to include
g:

α′
ij =

∑

k∈S

Pr(sij |si−1,k) Pr(ri|sij , gi)αi−1,k (29)

β′
ij =

∑

k∈S

Pr(si+1,k|sij) Pr(ri+1|si+1,k, gi+1)βi+1,k(30)

We will call this decoding algorithm the “iterative state es-
timation” algorithm and it is illustrated in figure 5. This
algorithm can now be used over bit-flipping channels unlike
the one-off state estimation algorithm. The computation
order used in the following experiments was that the chan-
nel nodes were first updated as a chain. Next the symbol
nodes were initialised in the traditional belief propagation
manner. Then iteration over the graph was started. The
nodes were repeatedly updated in the following order: the
check nodes, the symbol nodes, the channel nodes and then
the symbol nodes.

A further improvement would be if one had additional
information of the true channel state for each bit received
– the traditional LDPC decoding algorithm can then be
used with input probabilities derived using the state infor-
mation. We will call this the “genie-aided” algorithm.

5 Performance on Markov channel

An R = 1/2, N = 8000 regular low-density parity-check
code with column weight 3 created by David J.C. MacKay1

was used to test the above algorithms.

5.1 Bursts of total data loss

A channel with bit flipping noise was first studied. Two
states were used: one with pf =50% and one with pf =0%;
the former had typical burst length of 10 and the latter had
a variable typical burst length, figure 6(a). The results of
experimental simulations with three different decoding al-
gorithms and the corresponding Shannon limits are shown
in figure 6(b).

18000.4000.3.483 available from
http://wol.ra.phy.cam.ac.uk/mackay/codes/data.html
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Figure 6: Bit-flipping channel with variable length in the “good”
state

5.2 Gaussian noise

A channel with gaussian noise was also studied. Two states
were used with a separation in noise level of 7dB (to match
[13]). The typical run-length in each state was the same
– values of 3, 10 and 30 were studied. The average SNR
was varied and the empirical block error rate was measured
using all four algorithms described above. The results are
shown in figure 7.

5.3 Bit-flipping noise

The same experiment was then repeated using bit-flipping
noise. To make the experiment more easily comparable to
the previous experiment this noise was assumed to come
from taking a hard decision from gaussian noise – thus the
two states were chosen so as to have a 7dB difference in
noise level. One would expect a 2dB drop from taking
hard decisions [5]. Empirical results are shown in figure 8.

The capacity of this type of channel is shown in figure 9.

5.4 Typicality of the channel

It can be seen that as the burst length increases the per-
formance curves become flatter. It is thought that this is
due to the variation of the total noise energy of the chan-
nel, over the studied block size of 8000, increasing as the
typical burst length increases. For a burst length of 30 an
estimate of the probability density function of the number
of bits transmitted in the noisy state is shown in figure
10(a). The standard deviation of this distribution against
typical burst length is shown in figure 10(b).

5.5 Iterations

For the latter bit-flipping experiment (section 5.3) the evo-
lution of Pr(sij |r, {gk : k 6= i}) was studied. For the first
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Figure 7: Gaussian noise with 7dB separation between two
states with equal typical run-lengths
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Figure 8: Bit-flipping noise with 7dB separation between two
states with equal typical run-lengths
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Figure 10: Distribution of number transmissions in the noisy
state for an N = 8000 block over a 2-state Markov channel
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Figure 11: Evolution of the inference of state (Pr(sij |
�
, {gk :

k 6= i})) for a two-state bit-flipping channel with average noise
of 4.8dB, separation of 7dB and typical burst length of 100.

iteration one starts with a 50:50 distribution and it is ex-
pected to tend towards the true state distribution. An ex-
ample of the evolution is shown in figure 11. Correct decod-
ing was achieved in three iterations for the example shown.
The state information tends pretty quickly towards the true
value – large errors in iteration 2 can be seen around bit
numbers 1200 and 1700 but these are corrected by the next
iteration.

The number of iterations before the iterative state esti-
mation algorithm reached a decoding was also recorded for
the gaussian noise experiment (section 5.2) and is shown in
figure 12. It can be seen that fewer iterations are needed for
a successful decoding as the typical burst length increases.
This suggests that decoding is easier as the typical burst
length increases. The most difficult region for the channel
nodes to infer the true state is near a state transition. As
the typical burst length increases these regions become less
significant and hence the decoding process can be expected
to be easier.

6 Discussion

For bit-flipping noise the iterative state estimation algo-
rithm should be compared with the Gilbert-Elliott capac-
ity as this represents the best possible performance over
the bit-flipping channel with no channel state information.
The first experiment (section 5.1) shows that the iterative
state estimation algorithm, despite not reaching this capac-
ity with the chosen code, is producing the expected gain
over the no state information case. The further experi-
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ments on the bit-flipping channel (section 5.3) also show
that the iterative state estimation algorithm is producing
similarly good gains but we can further see the codes are
at least 2dB from capacity at a block error probability of
10−3.

The performance of the algorithms over the gaussian
noise channel is hard to assess as the channel capacity has
not been calculated to the author’s knowledge. It can be
seen that behaviour similar to the bit-flipping case is ob-
served – the code performance increases as the typical burst
length increases. However this increase happens faster than
for the bit-flipping case, probably due to the extra infor-
mation in the received amplitudes. It is interesting to com-
pare the one-off state estimation algorithm and the iterative
state estimation algorithm. For very short bursts iterative
state estimation can not offer any significant advantage over
one-off state estimation. When the typical burst length gets
up to 30 the gain is only 0.1dB.

Earlier work on a block bursty channel [13] with a hop
length of 10 bits and a code of the same rate suggested that
larger gains might be found between one-off state estima-
tion and iterative state estimation. A comparison can be
done between the entropy per symbol of the state sequences
of the two channels:

H(block bursty channel) =
1

hop length
(31)

H(our Markov channel) = H2

(

1

burst length

)

(32)

For a hop length of 10 one needs a typical burst length
of 77 for these two expressions to be equal. However the
experiments with a burst length of 77 suggest that a gain
of about 0.1dB (rather than 0.2dB for the block bursty
channel as reported in [13]) is being seen.

Many iteration schemes could be used on the belief
propagation graph. It would be worth investigating other
schemes and comparing their expected computational com-
plexity. Quicker decodings may be achieved in some cases
by, for example, only evaluating the channel nodes after a
few iterations over just the symbol and check nodes.

No attempt was made to optimize the code used. It is
hoped that a larger block-size irregular code could perform
better as seen with the AWGN channel [8]. Confirmation
of this would be useful further work. Further criteria could
also be used – the removal of “near” codewords (codewords

that lead to low weight syndromes when a set of bits trans-
mitted at close times are corrupted) could be advantageous
as a burst of noise is likely to corrupt several nearby bits.

7 Conclusion

For the bit-flipping noise Markov channel we have shown
that extending the LDPC belief propagation decoding al-
gorithm to include channel estimation leads to a gain of
the same order as the difference between the interleaved
capacity and the Gilbert-Elliott capacity. With gaussian
noise the most significant gain comes from estimating the
channel state once. As the typical burst length increases
iterative state estimation produces an increasing gain over
one-off state estimation.
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