
Proof of Exchangeability with hyperparameter a

We wish to show that the distribution over ordered binary trees characterized by
hyperparameter a is exchangeable. In particular, we construct ordered binary
trees according to a generalized Dirichlet Diffusion Tree framework:

1. When an individual walks down a path that n individuals have taken
before, the divergence probability density at time t ∈ (0, 1) is

ρ(t)/f(n), (1)

for some functions ρ and f .

2. When an individual reaches a junction where (m, n) went each way, the
person goes in the two directions with probabilities proportional to

p(m, n), 1 − p(m, n) (2)

respectively.

We take the density ρ as in [1] and let R(t) =
∫ t

s=0
ρ(s)ds. But we generalize f

and p to functions parameterized by a as follows:

pa(m, n) =
m + a

m + n + a
(3)

fa(n) =

(

n−1
∏

i=1

pa(i, 1)

)−1

(4)

Our goal, then, is to show that the probability of a particular tree generated
by this Dirichlet Diffusion Tree protocol does not depend on the order of the
leaves.

The proof is almost exactly the same as that given for the case f(n) = n
and p(m, n) = m/(m + n) in [1]. Indeed, the only difference is in the “segment
factors.” That is, for each segment between two divergence points on the tree,
there is a factor in the total probability of the tree; for segments that do not
end in leaves, this factor represents the probability of no paths diverging along
its length and the probability of divergence and branching at its endpoint.

We consider a particular segment from point (tu, xu) to (tv, xv) that, by the
end of tree construction, has been taken by m individuals. The first individual,
of course, cannot diverge. The probability that one of the remaining m − 1
individuals does not diverge until tv is the product of the probabilities that the
individual does not diverge on each infinitesimal step. Consider the ith such
individual, so that exactly i individuals have walked the segment beforehand:

P (person i doesn’t diverge from tu to tv) (5)

= lim
k→∞

k−1
∏

j=0

(1 − ρ(tu + j(tv − tu)/k) [(tv − tu)/k] /f(i)) (6)
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= exp

[

R(tv) − R(tu)

f(i)

]

(7)

So the probability that none of the m − 1 individuals diverges is the product
∏m−1

i=1
exp (R(tv) − R(tu)) /f(i), which does not depend on the order of the

individuals.
Next, we find the probability of divergence at tv and the subsequent branch-

ing probabilities. Let n0 − 1 be the number of individuals who follow the first
path without diverging. Once the n0th has diverged, let n1 be the number of
individuals who take the old path, and let n2 be the number of individuals who
take the new path. Therefore, the probability that the n0th individual diverges
at tv is

ρ(t)

f(n0 − 1)
= ρ(t)

n0−2
∏

n=1

p(n, 1) (8)

= ρ(t)

n0−2
∏

n=1

n + a

n + 1 + 2a
(9)

=
(i − 2 + a)!/a!

(i − 1 + 2a)!/(1 + 2a)!
(10)

For any individual j : n0 < j ≤ m, c1(j) previous individuals have walked
the old path, and c2(j) previous individuals have walked the new path. Hence,
a total of c1(j) + c2(j) = j − 1 individuals have walked the tu to tv segment
before. The probability that the jth individual turns down the old path is

p(c1(j), j − 1 − c1(j) =
c1(j) + a

j − 1 + 2a
. (11)

The probability that the jth individual turns down the new path is

1 − p(j − 1 − c2(j), c2(j)) =
c2(j) + a

j − 1 + 2a
. (12)

Note that c1 is incremented when j turns down the old path, and c2 is incre-
mented when j turns down the new path. Therefore, when we take the product
of branching probabilities, we see each value of c1 between n0 − 1 and n1 − 1
exactly once. And we see each value of c2 between 1 and n2 − 1 exactly once.
The total divergence and branching probability is then

ρ(t)

f(n0 − 1)

∏n1−1

c1=n0−1
(c1 + a)

∏n2−1

c2=1
(c2 + a)

∏m

j=i+1
(j − 1 + 2a)

(13)

=
(i − 2 + a)!/a!

(i − 1 + 2a)!/(1 + 2a)!

(n1 − 1 + a)!

(i − 2 + a)!

(n2 − 1 + a)!

a!

(i − 1 + 2a)!

(m − 1 + 2a)!
(14)

=
(1 + 2a)!(n1 − 1 + a)!(n2 − 1 + a)!

(a!)2(m − 1 + 2a)!
(15)

This final equation depends only on the number of individuals taking each
path—i.e. m, n1, and n2—and not the order of the individuals.

Therefore, trees parameterized by a in this way are exchangeable.
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