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1 Introduction

Consider a probability distribution Q. An exam-
ple distribution is shown in Figure 1.
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Figure 1: Probability distribution Q

If we draw a random variable n times from
Q, the probability distribution of the sum of the
random variables is given by Qn. This is the
convolution of Q with itself n times. As n → ∞,
Qn tends to a normal distribution by the central
limit theorem. This is shown in Figure 1. The
top line is a computed normal distribution with
the same mean as Qn.

However, as shown in Figure 3, when plot-
ted on a log scale it becomes clear that the tails
of the distribution are not “normal”. They are
stable for increasing n, and large deviation the-
ory provides a method for computing the tails
exactly.
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Figure 2: Probability distribution Q convolved
200 times

2 Entropy

If P (x) and Q(x) are both discrete probability
distributions defined ∀x ∈ A, then the relative
entropy between P and Q is given by

D (P‖Q) =
∑

x∈A

P (x) log

(

P (x)

Q(x)

)

(1)

This is also known as the Kullback Leibler
divergence ([1], p34), and is a measure of how
alike two probability distributions are.

1



 1e-100

 1e-80

 1e-60

 1e-40

 1e-20

 0  500  1000  1500  2000

Figure 3: Probability distribution Q convolved
200 times (log probability scale)

3 Sanov’s theorem

Given a distribution Q, and a set of distribution
types E, then

Qn(E) ≈ 2−nD(P ∗‖Q) (2)

where

P ∗ = inf (D(P‖Q) : P ∈ E) (3)

A proof of Sanov’s Theorem is given in [2].
This theorem gives the solution to the large

deviation theory problem. The method it pre-
scribes is thus: generate the set of distributions
E that satisfy the constraints; then find the
member of E (called P ∗) which has the smallest
relative entropy with respect to the underlying
distribution Q. Once we have P ∗ we can com-
pute the probability of the outcome satisfying
the constraints using equation 2.

E must be a closed set, or there will be no in-
fimum. In practice this means that that E must
contain all probability distributions that satisfy
the constraints, but that was already specified.

So Sanov’s Theorem states that the most
likely distribution that would give rise to the
outcome is the only distribution that affects the
probability of that outcome.

4 Lagrange multipliers

Using Lagrange multipliers the system of con-
straints can be reduced into a system of equa-
tions which can be explicitly solved to give P ∗.
This is then substituted into equation 2 to give
the probability of an outcome that satisfies these
constraints.

The k constraints are specified as:

∑

a

P (a)gj > αj , j = 1 . . . k (4)

E is then defined by all probability distribu-
tions that satisfy the contraints. The functional
J(P ) is constructed with Lagrange multipliers
λj ,

J(P ) = D(P‖Q) +
∑

j

λj

∑

a

P (a)gj(a) + v (5)

then differentiated and minimised to find P ∗.

P ∗(x) =
Q(x)e

∑

j λjgj(x)

∑

a∈A Q(a)e
∑

j λjgj(a)
(6)

The λj are varied to find a solution that sat-
isfies the constraints. This can be done numeri-
cally.

5 Example

If a fair dice is tossed n times, what is the prob-
ability that the average outcome is greater than
5?

This problem has 1 constraint, namely

6
∑

i=1

iP (i) > 5 (7)
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Therefore g1(a) = a, λ = λ1, and the form of
P ∗ is:

P ∗(x) =
eλx

∑

a∈{1...6} eλa
(8)

This is solved numerically for λ so that
∑

iP ∗(i) = 5. The answer is λ = 0.6296,
and P ∗ =(0.0205, 0.0385, 0.0723, 0.1357, 0.2548,
0.4781).

This makes D(P ∗‖Q) = 0.61215. From equa-
tion 2, and for n = 10000, Qn(E) ≈ 2−6122.

References

[1] “Information Theory, Inference and
Learning Algorithms”, D. Mackay,
Cambridge University Press (2003)

[2] “Elements of Information Theory”, T.
Cover, J. Thomas, Wiley Interscience (1991)

3


