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Punktverbreiterungsfunktionen für das Rasterelektronenmikroskop bei
der Verwendung rückgestreuter Elektronen

Zur korrekten Interpretation eines Bildes ist ein Verständnis der Prozesse die zu seiner
Formierung beitragen unerlässlich. Im Rasterelektronenmikroskop findet im Allgemeinen
Fall eine komplexe, nichtlineare Wechselwirkung zwischen räumlich getrennten Bere-
ichen unterschiedlicher chemischer Zusammensetzung im Objekt auf. Ich stelle eine
Monte Carlo Simulation der Wechselwirkung zwischen Strahlelektronen und einem in
Epoxidharz fixierten, mit Schwermetall-Atomen angefärbten biologischen Objekt vor,
die den Prozess der Bildformierung näherungsweise reproduziert. Die Simulationsergeb-
nisse deuten darauf hin, dass in dieser Objektklasse die Schwermetallfärbung hinreichend
verdünnt vorliegt, um näherungsweise Linearität annehmen zu können. In diesem Mod-
ell stelle ich Punktverbreiterungsfunktionen (den linearen Filter, der die Bildformierung
beschreibt) des Rasterelektronenmikroskops für ausgewählte Elektronenstrahlenergien in
drei Dimensionen vor. Diese Funktionen stellen sich im Licht meiner Simulationen – im
Vergleich zur Verteilung der Strahlelektronen im Objekt und der Verteilung jener Teil-
menge der Elektronen, die zur Oberfläche zurück kehren – als räumlich überraschend
begrenzt dar.

Point-Spread Functions for Backscattered Imaging in the Scanning Elec-
tron Microscope

Knowing the imaging properties is central to the correct interpretation of images. In a
Scanning Electron Microscope spatially separated regions of different composition gen-
erally interact in a highly nonlinear way in the formation of the image. I present a Monte
Carlo simulation of the interaction between beam electrons and resin-embedded, heavy-
metal stained biological specimens, emulating the image formation process. I found that
in this situation the staining is sufficiently dilute to allow an approximately linear treat-
ment, and present simulative approximations to the point-spread function of the Scanning
Electron Microscope (the linear kernel describing the instrument’s spatial resolution) in
three dimensions. I found that the point-spread functions are surprisingly well confined,
both laterally and in depth, compared not only to the distribution of scattered electrons
inside the sample but also compared to the distribution of those electrons that leave the
sample again.



6



Contents

1 Introduction 11

2 Foundations 13
2.1 Preliminary Considerations . . . . . . . . . . . . . . . . . . . . . . . . . 14
2.2 Electron Optics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.2.1 Electron Source . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.2.2 Lens Aberrations . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.3 The Physics of Electron-Matter-Interaction . . . . . . . . . . . . . . . . 17
2.3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.3.2 Conventions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.3.3 Elastic Scattering . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.3.4 Inelastic Scattering . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.4 Relevant Chemistry of Biological EM sample preparation . . . . . . . . . 27
2.4.1 Chemical Composition of the Sample . . . . . . . . . . . . . . . 27
2.4.2 Staining . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

3 The Simulation 31
3.1 Objectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
3.2 Sampling from a Probability Distribution . . . . . . . . . . . . . . . . . 31
3.3 Principal Structure of the Simulation . . . . . . . . . . . . . . . . . . . . 32

3.3.1 Elemental Bulk . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
3.4 Simulating Chemical Compounds . . . . . . . . . . . . . . . . . . . . . 40
3.5 Simulating Inclusions in the Bulk . . . . . . . . . . . . . . . . . . . . . . 41

3.5.1 Determining Intersection . . . . . . . . . . . . . . . . . . . . . . 41
3.5.2 Simulation Corrections upon Sphere Intersection . . . . . . . . . 42

3.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
3.7 Examination of Errors . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

3.7.1 Disregard of Inelastic Scattering . . . . . . . . . . . . . . . . . . 45
3.7.2 Stopping Power Approximation . . . . . . . . . . . . . . . . . . 45
3.7.3 Mott Cross-Section Approximations . . . . . . . . . . . . . . . . 45
3.7.4 Second-Order corrections to Mott’s Cross-Section for the bulk

elements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
3.7.5 Chemical Uncertainties . . . . . . . . . . . . . . . . . . . . . . . 46
3.7.6 Other Sources of Error . . . . . . . . . . . . . . . . . . . . . . . 46

4 Results 47
4.1 Comparison with experimental data . . . . . . . . . . . . . . . . . . . . 47
4.2 Distribution of Electrons in the Solid . . . . . . . . . . . . . . . . . . . . 48
4.3 Linearity of Image Formation . . . . . . . . . . . . . . . . . . . . . . . . 48

4.3.1 Spatial Linearity . . . . . . . . . . . . . . . . . . . . . . . . . . 48
4.3.2 Chemical Linearity . . . . . . . . . . . . . . . . . . . . . . . . . 52

4.4 Point-Spread Functions . . . . . . . . . . . . . . . . . . . . . . . . . . . 53



8 CONTENTS

4.4.1 Discretised Point-Spread Functions . . . . . . . . . . . . . . . . 55
4.5 Information Depth . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
4.6 Energy, Spatial and Angular Distribution of Backscattered Electrons . . . 57

4.6.1 Energy Distribution . . . . . . . . . . . . . . . . . . . . . . . . . 58
4.6.2 Angular Distribution . . . . . . . . . . . . . . . . . . . . . . . . 58
4.6.3 Spatial Distribution . . . . . . . . . . . . . . . . . . . . . . . . . 59

5 Discussion and Conclusions 61
5.1 Applicability of the Linear Model . . . . . . . . . . . . . . . . . . . . . 61
5.2 The Linear Filter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
5.3 Energy and Angle distribution of backscattered electrons . . . . . . . . . 63
5.4 Shortcomings, Possible Improvements and Outlook . . . . . . . . . . . . 63

5.4.1 Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
5.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
5.6 Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

A Mathematical Appendix 69
A.1 The Dirac Equation in a Central Potential . . . . . . . . . . . . . . . . . 69
A.2 Special Functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

A.2.1 Legendre Polynomials and Associated Legendre Functions . . . . 70
A.2.2 Bessel Functions and spherical Bessel Functions . . . . . . . . . 70

B Program Source Code 73



List of Figures

2.1 Quantum Efficiency of IRD AXUV Photodiodes . . . . . . . . . . . . . . 14
2.2 Differential Elastic Scattering Cross-Sections of H,C,O,Os . . . . . . . . 22
2.3 Experimental Stopping Powers of C and Au . . . . . . . . . . . . . . . . 26

3.1 Coordinate Systems Used in the Simulation . . . . . . . . . . . . . . . . 33
3.2 Scattering Angle Sampling Process . . . . . . . . . . . . . . . . . . . . . 35
3.3 Failure of the Composition Method for Light Elements . . . . . . . . . . 37
3.4 First Order Approximations to the Mott Cross-sections . . . . . . . . . . 37
3.5 Sketch: Propagation of Coordinates . . . . . . . . . . . . . . . . . . . . 38
3.6 Correction to Free Paths in Stained Regions . . . . . . . . . . . . . . . . 43

4.1 A Sample Set of 1000 Electron Traces . . . . . . . . . . . . . . . . . . . 47
4.2 Backscattering Coefficient of Carbon: Experimental and Simulated Data . 49
4.3 Distribution of Electrons in the Solid . . . . . . . . . . . . . . . . . . . . 49
4.4 Linearity of Image Formation . . . . . . . . . . . . . . . . . . . . . . . . 50
4.5 Cumulative Non-Linearity . . . . . . . . . . . . . . . . . . . . . . . . . 51
4.6 Chemical Linearity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
4.7 Robustness to Chemical Variations . . . . . . . . . . . . . . . . . . . . . 52
4.8 Point-Spread Functions at 3keV and 7keV . . . . . . . . . . . . . . . . . 54
4.9 Close-up of the PSF at the Beam Impact Point . . . . . . . . . . . . . . . 54
4.10 Lateral Sweeps at Varying Depth . . . . . . . . . . . . . . . . . . . . . . 56
4.11 Influences of Machine Characteristics on the PSFs . . . . . . . . . . . . . 56
4.12 Radial Integrals of Electron Densities . . . . . . . . . . . . . . . . . . . 57
4.13 Energy and Angular Distribution of BSEs . . . . . . . . . . . . . . . . . 58
4.14 Spatial Distribution of BSEs . . . . . . . . . . . . . . . . . . . . . . . . 59

5.1 Backscattering Probability for Electrons in the Sample . . . . . . . . . . 62
5.2 Average Directions of Flight in the Sample . . . . . . . . . . . . . . . . . 62
5.3 A Possibly Improved Simulation Algorithm . . . . . . . . . . . . . . . . 65
5.4 Simulated Effect of Raised Beam Energy . . . . . . . . . . . . . . . . . . 66



10 LIST OF FIGURES



Chapter 1

Introduction

The Scanning Electron Microscope (SEM), first described in theory by Knoll in 1935 [1],
first built by Ardenne in 1938 [2], [3] and improved by McMullan in 1953 [4], has been
used by physicists, biologists and engineers for several decades to gain information about
the structure of surfaces of solid matter at a resolution beyond the levels achievable by
even the most modern light microscopic methods. However, until very recently, it was
only capable of imaging essentially two-dimensional block faces, hiding three dimen-
sional information crucial for the understanding of the often extremely complex struc-
tures found in biological tissue, for example the networks formed by neurons in brain
matter. Serial Block Face Scanning Electron microscopy (SBFSEM), a recent enhance-
ment of the SEM technique developed by Winfried Denk and Heinz Horstmann in 2004
[5], building on previous work by Leighton [6], allows biologists to virtually take a look
below the surface of biological tissue, making available three-dimensional imaging of
the full volume of neuronal tissue for the first time1. It uses an oscillating microtome,
mounted in the microscope’s vacuum chamber, to cut off thin sections from the sample
surface, allowing serial imaging of consecutive block surfaces and thus the production of
three-dimensional images with roughly the same resolution in all three dimensions.
SBFSEM images exhibit a “blurring” effect over consecutive slices in the direction nor-
mal to the plane of cutting. Its strength varies with the initial beam energy used. Experi-
mental experience suggests that for a section thickness of ≈ 25nm, a beam energy of 3keV
is a sensible choice to reduce the blurring to an acceptable level [9]. While the process of
image formation is quite different between SEMs and optical imaging devices like Light
Microscopes, this effect resembles a similar blurring observed (in 2D) in all diffraction-
limited optical imaging devices. For these instruments, this blurring can be shown [10]
to be describable by a convolution of the physical object (the “ground truth”) g(x) with
a linear filter, the so-called point-spread function2 (psf) h(x), to give the measured image
f (x)

f (x) =
∫

g(y)h(x − y) dy (1.1)

More realistic models also add noise to the process, resulting in blurred, noisy data d(x)

d(x) = f (x) + n(x) (1.2)

1Light Microscopy, the most prolific three-dimensional imaging method, is fundamentally limited in
its resolution by the wavelength of light, which, for non-ionizing radiation, is larger than the structures in
question. This limit does not strictly apply for methods using selective staining, which have been used from
the very beginning of cellular neuroscience to image features of single cells [7] [8], but these do not allow
imaging of all cells in the volume at the same time, information crucial for the understanding of neuronal
networks

2The function owes its name to the fact that it represents the image of a perfect point object, i.e.
g(x) = δ(x)
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where n(x) is some stochastic noise model, most often taken to be white noise, i.e. a value
drawn from normal distribution of zero mean.

Since diffraction-limited optical imaging systems are a vast class of imaging devices
(ranging from Telescopes to photographic cameras to Light Microscopes), there has been
considerable interest in removing this – in general unwanted – effect. Unfortunately,
image restoration, as the task is called, is an ill-posed problem, especially if noise is in-
cluded in the model [11], such that any algorithm attempting it will have to involve some
regularization. Nevertheless, very good deconvolution algorithms exist [12], [13], [11]
and are in ubiquitous use in the fields mentioned above. It is thus tempting to try to use
this linear convolutional model for the SBFSEM images, too. Deconvolution, such is the
hope, could enhance the resolution of SBFSEM images, and of SEM images in general,
or it could allow to run the SBFSEM at higher initial beam energies, leading to a better
signal to noise ratio and hence faster image acquisition.3

Previous authors have tried to infer the point-spread functions of SEMs directly from
recorded images [14], making use of their Fourier spectra [15], relations between contrast
and gradient in the image [16] and using cross-correlations between different regions of
the images [17], [18], but all these methods implicitly assume a point-spread function
model to be applicable in principle. To my best knowledge, no closer examination of this
hypothesis has been conducted to this date. All the while, it is unclear a priori whether a
linear model is applicable, as I will point out at the beginning of the next chapter. Further,
most of the metrology work in the field of Scanning Electron Microscopy has been done
in the semiconductor community. There, samples typically have a very heterogeneous
chemical composition (a typical sample can consist of a layer of Silicon, a layer of a
Carbohydrate and a layer of a conductor, such as Gold). Biological samples have a much
more homogeneous chemical composition: The bulk of the sample consists of a com-
plex compound of light elements; contrast in the images is achieved by the embedding of
heavy metal atoms (typically Osmium or Lanthanum) into the sample.

In this work, I have examined the interaction between the electrons of the SEMs scanning
beam and the sample for the case of a sample with a chemical composition typical for
biological samples (my particular realisation assumes a bulk sample of Epoxy, stained
with varying atomic fractions of Osmium). I used a Monte Carlo simulation of the in-
teraction between the beam electrons and the sample tissue [19] [20] [21] to study the
effect of small, essentially point-like objects on the distribution of electrons in the sample
volume and on the number of backscattered electrons per incident electron, the so-called
backscattering coefficient η. While other authors have conducted similar simulations be-
fore [22], [23], these studies, too, were applied to samples of very heterogeneous compo-
sition, making it difficult or impossible to study linearity in these images.
Chapter 2 will introduce the theoretical background of the physical processes governing
the SEM. Chapter 3 will lay out the structure of Monte Carlo simulations of the beam-
sample interaction in general and the modifications made by me to simulate stained re-
gions. Chapter 4 presents results of the simulations. In particular, I present examinations
of the interaction between two point objects in the sample which is responsible for non-
linear corrections to the linear model, as well as a direct measurement of the point-spread
functions for primary beam energies of 3keV and 7keV. Finally, chapter 5 summarizes
the results and suggests further work on the problem.

3Since image acquisition is the rate limiting step in Serial Sectioning Electron Microscopy and the ac-
quisition of 3D images for interesting neuronal structures can easily take several weeks, acceleration of this
step is would be a welcome enhancement.



Chapter 2

Foundations

In contrast to the Transmission Electron Microscope (TEM) [24], which uses a broad
electron beam traversing the object1 to image a whole region of the sample at once, the
Scanning Electron Microscope uses a focused electron beam, which is rastered over the
surface of a bulk sample. It is created by a column of electron lenses, kept in an ultra-high
vacuum above the sample. The electron beam impinging on the sample in the instrument’s
vacuum chamber produces two sets of electrons that can be collected by a detector above
the sample2: The first is formed by those electrons that, after a series of scattering inter-
actions with the atoms of the sample, happen to return back to the sample surface (called
Backscattered Electrons (BSEs)). The other group is formed by those electrons that origi-
nate from the electron plasma of the sample (shell and conduction electrons), having been
excited by inelastic scattering events between the sample atoms and the beam electrons,
and successively diffused to the sample surface (Secondary Electrons (SEs)). The two
groups are very well separable by means of their energies [26]: BSEs have energies of
the same order of magnitude as the beam electrons themselves (several keV), while the
energy spectrum of SEs is much smaller and typically extends to just a few eV (the bind-
ing energy of the outer shell electrons). While both SEs and BSEs can be used in SEM
imaging, the secondary electron signal depends strongly on the elevation of the sample
surface [26] and is thus of only limited utility for the SBFSEM, which, by construction,
uses a flat block surface, created by the cutting of the in-chamber ultratome. Conse-
quently, the SBFSEM uses the BSE signal, and this work will thus deal exclusively with
the BSEs as the source of image contrast. Indeed, as will be laid out in due course, the
simulation of secondary electrons poses several problems to the design of a Monte-Carlo
simulation for the class of (biological) samples in question (see 2.3.4, [20], [21]).

Contrast in BSE images is caused by variations in the backscattering coefficient η, the
number of backscattered electrons per incident electron. Since biological samples consist
almost exclusively of light elements, especially Hydrogen, Carbon and Oxygen, which
have low average scattering angles, contrast in unprepared biological samples is very
low. Heavy metal atoms are therefore used to stain these samples. They have a much
higher average scattering angle and a higher total scattering cross-section (i.e. a shorter
mean free path between scattering events), leading to higher values of η.

Backscattered electrons are detected by a semiconductor photodiode with a sensitivity
(see Fig. 2.1) that rises approximately linearly with the energy of the detected electron.

1Hence the sample has to transmit the electron beam. The sample thus has to be cut into thin sections
prior to imaging, requiring manual handling of the cut sections and manual re-alignment of consecutive
images. This is the reason why serial section TEM [25] is extremely tedious, and one of the main arguments
in favour of SBFSEM.

2I assume a geometry with the beam electron source in a column above the sample, and a horizontal
mounting of the sample surface. This is the standard layout in virtually all commercially available SEMs [5]
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Figure 2.1: Quantum efficiency of IRD AXUV photodiodes. Source: IRD Inc.

Hence, SEs do not contribute significantly to the total recorded signal, and BSEs of higher
energy create a stronger signal than those at the low end of the energy spectrum.

2.1 Preliminary Considerations

In the previous paragraph, it was established that heavy atoms in the sample volume cre-
ate the contrast visible in biological Scanning Electron Micrographs, because they scatter
beam electrons more strongly than the lighter atoms making up the bulk sample. Without
any closer inspections of the precise processes leading to this, it is clear that the ideal
“point object”, the probe for a potential experimental measurement of the point-spread
function, is a single heavy Atom. Due to the extremely low signal to noise ratio expected
for an image of a single atom and expected problems in the preparation of such a sample,
the actual experimental realisation of this method is not advisable. We can use it, how-
ever, for a simple thought experiment on the applicability of the linear model:

The signal created by such a heavy atom must depend on the density, direction of motion
and energy of electrons passing the heavy atom’s position: The backscattering coefficient
η thus created will scale roughly linearly with the number density of electrons present at
the atom’s position, and it will be strongest for areas where the electrons have a strong
preference for a downward direction of motion (i.e. away from the sample surface), be-
cause the strong scattering by the heavy atom will change this distribution towards other,
especially upward angles which carry a much higher chance for electrons to return to the
surface. In much the same way, if the angular distribution of electrons at the heavy atom’s
position is totally isotropic, its presence will have nearly no effect3 on η, because even
a perfectly isotropic scattering cannot further raise the chances for these totally diffused
electrons to return to the surface.

So a heavy atom at position x in the sample will create, if it is to generate a change in η,
a change in the distribution of electrons in the sample, and its effect on η is dependend on
this very distribution. This means the image formation process is inherently non-linear:
The effect of a second heavy atom at some close-by position x + δ will be influenced by
the existence of the first atom in its neighbourhood. The linear model (equation (1.1)),
however, implicitly assumes this be not the case: It models the image as the superposition
of the images of an infinite number of independent point-like objects making up the sam-

3As will become clear over the following sections, there is a weak effect due to changes in the electrons’
energy loss.
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ple. It must thus be tested whether this model is at least approximately applicable. This
is one of the two major goals of this work (the second one being the actual measurement
of the point-spread functions).

In preparation of the Monte Carlo simulation used in this work, the remainder of this
chapter presents the key physical and chemical foundations needed for a realistic mod-
elling of the SEM.

2.2 Electron Optics

Creating a sharply focussed electron beam is arguably the most complex task in the design
of a SEM. However, for the purpose of this work, the details of the electron optics are only
of marginal interest, as the imperfections of the beam can be included into a simulation of
the electron-sample interactions post-hoc. The two important physical parameters of the
electron beam are its width at the sample surface (the spot size) and the energy distribution
of beam electrons [26]. While the width is mostly determined by abberations in the
electron lenses, the energy distribution is governed by the characteristics of the electron
source. The next two subsections provide a very short overview of the characteristics of
the beam, adapted from [26].

2.2.1 Electron Source

A good electron source for use in an Electron Microscope must unite several characteris-
tics:

• It must provide a strong emmission current Ie of electrons in a very small solid
angle. The experimental quantity representing this is called the brightness β:

β =
current

area · solid angle
=

I(
πd2

4 · πα
2
) = 4I
π2d2α2 (2.1)

where d is the diameter of the electron beam and α is the opening angle of the
beam. Brightness is a fundamental characteristic of the electron source in the sense
that it is conserved over the path of the beam (the interdependencies of I, d and α
are described by (2.1)).

• The emitting area of the gun (the source size) should be as small as possible to
facilitate its demagnification into a beam. The source size, together with the de-
magnification factor, determines the aberration free Gaussian probe diameter, i.e.
the minimal spot size achievable with the Microscope. It is given by

dG =

√
4Ip

βπ2α2
p

(2.2)

• The spread of the energy of the emitted electrons should be as small as possible,
because electron lenses suffer from a strong chromatic aberration (see below).

• To enhance usability of the source, the produced beam should be stable over time
and the total lifetime of the source should be reasonable.

For a long time, Electron Microscopes used thermal electron sources (essentially heated
tungsten filaments). These are limited in their brightness to typical values of β ∼ 105

A/cm2 sr, have an energy spread of several electron volts (for emission energies of sev-
eral keV) and achieve ([27], [28]) source sizes of 30-500 µm, which means the beam has
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to be demagnified by a factor of about 100.000 to achieve a spot size of a few nm. Con-
temporary SEMs, especially those used for low voltage SEM (like the SBFSEM), mostly
utilize Cold Field Emmision (CFE) sources: Very sharp tungsten tips (a few nanome-
tres in width at the tip) mounted on tungsten hairpins. These offer superior brightness
(β ∼ 108 A/cm2 sr), energy spread (0.3 eV) and a very small source size (< 5nm), ([29],
[30]).

2.2.2 Lens Aberrations

To shape the electron beam used in SEM imaging, electromagnetic lenses are used. In
general, they consist of coils embedded in an iron shroud that forms a pole piece. In
analogy to optical imaging applications, the imperfections of electron imaging systems
can be described in terms of the following mechanisms:

Spherical Aberration describes the effect of electron trajectories passing closer to the
lense’s central axis being deflected less strongly than those further away from the
axis. Instead of a perfect point-like focal point, the point of highest electron density
is a disk of least confusion of a finite width ds which can be approximated as

ds =
1
2

Csα
3 (2.3)

where α is the angle of the outmost trajectory through the lens and Cs is a constant,
called spherical aberration coefficient.

Aperture Diffraction: Apertures (“pin holes”) in the beam create Fraunhofer diffraction
patterns over the sample. The central (0th) maximum is often called an airy disk of
FWHM

dd =
0.61λ
α

(2.4)

where λ is the electrons’ deBroigle wavelength.

Chromatic Aberrations: The focal length of electron lenses depends on the energy of
the electron passing through it. If the electrons have an energy spread of ∆E at the
energy Ei, the spread of the focal point caused by chromatic aberration is given by

dc = Ccα
∆E
Ei

(2.5)

with the chromatic aberration coefficient Cc

Astigmatisms are caused by physical imperfections of the lenses that cause deviations
of the diffracting electromagnetic fields from the cylindrically symmetric shape.
Unlike the other aberrations, Astigmatisms can be corrected to a certain extent
with additional magnetic fields, called stigmators.

Boersch Effect: The mutual Coulomb repulsion of the electrons can cause a widening
of the beam even over the very short travel time of the electrons from the source
to the sample [31]. However, this effect is small compared to the other previously
mentioned aberrations. Only at low voltages (∼ 1kV) instruments using thermal
sources can be considerably affected by the Boersch effect. Again, cold field emitter
systems are superior here: Because of the much smaller source size, the current in
the beam can be smaller, creating less repulsion.

Assuming the astigmatisms are corrected for, the former three aberrations add up to an
overall imperfection of the electron column that causes the beam to deviate from the per-
fect point-like shape: The electrons arrive at the sample surface distributed as a Gaussian,
with the probe width (at FWHM) dp, the spot size, given by

dp =

√
d2

G + d2
s + d2

d + d2
c (2.6)
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As can be seen from these considerations, the spot size depends on the incident Energy
Ei and the probe current Ip used in the imaging, as well as on the specific characteristics
of the electron optics of the Microscope. However, all these effects simply lead to a two-
dimensional spread of the electrons’ points of impact on the sample surface. Because
the Boersch effect is a minor correction, we can assume the electrons to be mutually
independent. Hence, in the simulations presented in chapters 3 and 4, simulated electrons
will be assumed to start their trace through the sample volume at one common point,
called the Beam impact point (BIP). The effect of the spot size on the results can be
included afterwards by laterally convolving the results from singular BIP simulations
with a one- or two-dimensional Gaussian.

2.3 The Physics of Electron-Matter-Interaction

2.3.1 Introduction

The interactions of electrons with solids can be split up in two groups: Scattering of the
electrons by the nuclei of the sample’s atoms is – due to the high mass of the nuclei
compared to that of the electrons – essentially elastic, i.e. it does not change the scattered
electron’s energy. On the other hand, there is a complex set of interactions between the
incident electrons and the electrons of the sample that is inelastic. Two separate sections
will deal with these two classes of interactions.

2.3.2 Conventions

Throughout this chapter, we will use a Cartesian system centred at the centre of the scat-
tering atom’s nucleus, the z-axis being the direction of flight of the incoming electron.
The corresponding spherical coordinate system uses the colatitude angle (called scatter-
ing angle) θ between the z-axis and the direction of flight of the scattered electron. The
azimuthal angle φ is defined up to isomorphy by this choice. The energy of the electron
be E, its rest mass be m. The section on elastic scattering makes exclusive use of natural
units (~ = c = e = 1). In the chapter on inelastic scattering, where numbers matter more,
the SI system will be used. There, the permittivity of free space be ε0 and the electron’s
charge be −e.

2.3.3 Elastic Scattering

The elastic scattering of particles by a (spherically symmetric) potential is one of the
classic text-book problems of quantum mechanics. The following derivation of the differ-
ential elastic scattering cross-section in the partial wave expansion of the Dirac equation
was combined from chapters in [32], [21], [33] and [34].
The solution of the free equations of motion (be it the Schrödinger or Dirac equations)
are plane or spherical waves in local space. Hence, Born’s classic argument goes [35],
the asymptotic solution of the scattering problem (which is also a solution of the free
equation) can be written as a superposition of a plane (unscattered) wave and a spherical
(scattered) wave. Electrons carry spin, so we have to use Dirac’s equation to describe
them (as we will shortly find out, not recognising this fact would be an oversimplification
yielding unacceptable results). In Dirac’s equation, probability waves have four degrees
of freedom, so the asymptotic solution is

Ψi ∼
r→∞

ai exp(iKz) + bi(θ, φ)
exp(iKr)

r
i = 1, . . . , 4 (2.7)

with K =
√

E2 − m2. The differential cross-section is the chance for scattering to occur,
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so it is given by
dσ
dΩ
=
|b1|

2 + |b2|
2 + |b3|

2 + |b4|
2

|a1|2 + |a2|2 + |a3|2 + |a4|2

=
|b1|

2 + |b2|
2 + c|b1|

2 + c|b2|
2

|a1|2 + |a2|2 + c|a1|2 + c|a2|2

=
|b1|

2 + |b2|
2

|a1|2 + |a2|2

(2.8)

where c is a constant taking into account the fact that the ai and bi are not all indepen-
dent: The asymptotical scattered wave can be written as a superposition of plane waves
proceeding, from the scattering centre, into various directions, and the coefficients of the
solutions for a plane wave are not all independent.

If the spin is parallel to the z-axis (“spin up”), then a1 = 1, a2 = 0, b1 = f +(θ, φ), b2 =

g+(θ, φ), where f + and g+ are two so far unknown scattering amplitudes. For the spin
down case, the corresponding relationships are a1 = 0, a2 = 1, b1 = f − and b2 = g−. So
the asymptotic solutions are

Ψ↑1 ∼
r→∞

exp(iKr) + f +(θ, φ)
exp(iKr)

r

Ψ↑2 ∼
r→∞

g+(θ, φ)
exp(iKr)

r

Ψ↓1 ∼
r→∞

g−
exp(iKr)

r

Ψ↓2 ∼
r→∞

exp(iKr) + f −(θ, φ)
exp(iKr)

r

(2.9)

The Dirac equation for an electron in a spherical potential V(r) is given by (see Appendix
A.1)

[E + m − V(r)] F±l (r) +
dG±l
dr
+

1 + k±

r
G±l = 0

− [E − m − V(r)] G±l (r) +
dF±l
dr
+

1 − k
r

F±l = 0
(2.10)

with some spherically symmetric functions F(r),G(r) introduced in detail in Appendix
A.1. The superscript + again denotes the spin up state (k+ = l) and − the spin down case
(k− = −(l+1)). We will try to reformulate this Dirac equation such that we can read off an
expression for f ± and g± (whence gaining a formulation of the differential cross-section).
Unfortunately, this will necessitate a tedious series of substitutions.
First, we introduce the variables

µ(r) = E + m − V(r)

ν(r) = E − m − V(r)

µ′ =
dµ
dr
= ν′

(2.11)

which lets us write the Dirac equation as

F±l (r) = −
1
µ

( dG±l
dr
+

1 + k±

r
G±l

)
and

dF±l
dr
=
µ′

µ2

( dG±l
dr
+

1 + k±

r
G±l

)
−

1
µ

 d2G±l
dr2 +

1 + k±

r

dG±l
dr
−

1 + k±

r2 G±l

 (2.12)

which can be reformulated to

d2G±l
dr2 +

(
2
r
−
µ′

µ

) dG±l
dr
+

(
µν −

k±(k± + 1)
r2 −

1 + k±

r
µ′

µ

)
G±l = 0 (2.13)
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Now we define the functions

G±l =
r
√
µ

G±l

and U±l (r) = −2EV + V2 −
k±

r
µ′

µ
+

1
2
µ′′

µ
−

3
4
µ′2

µ2

(2.14)

If we remind ourselves that K2 = E2 − m2 and thus µν = K2 − 2EV + V2, we can write
the Dirac equation in the form[

d2

dr2 −
k±(k± + 1)

r2 + K2 − U±l (r)
]
G±l = 0 (2.15)

In the limit of r → ∞, the potential V(r), and with it U±l , vanishes and the differential
equation becomes that of an harmonic oscillator. For large values of r, as U±l becomes
very small, the equation is approximately[

d2

dr2 −
k±(k± + 1)

r2 + K2
]
G±l = 0 (2.16)

Using the substitution x = Kr, this becomes equation (A.16) from Appendix A.2.2, which
can be solved by a superposition of regular Bessel functions jl and irregular spherical
Bessel functions nl of Kr:

G±l ∼r→∞
jl(Kr) cos δ±l − nl(Kr) sin δ±l (2.17)

with constants δ±l , called the l-th phase shifts (the phase shifts of the l-th partial wave).
We will soon arrive at a form for the cross-section that is exhaustively described by these
very phase shifts. To do so, we use the asymptotic behaviour of the Bessel functions:

jl(Kr) ∼
r→∞

1
Kr

sin
(
Kr −

lπ
2

)
nl(Kr) ∼

r→∞
−

1
Kr

cos
(
Kr −

lπ
2

) (2.18)

and the summation formula for the trigonometric functions to get

G±l ∼r→∞

1
Kr

sin
(
Kr −

lπ
2
+ δ±l

)
(2.19)

Now we have to use a not entirely obvious relationship between the exponential func-
tion, the Bessel functions jl and the Legendre polynomials Pl(cos θ) which is derived in
Appendix A.2.2. It reads

exp(iKr cos θ) =
∞∑

l=0

(2l + 1)il jl(Kr)Pl(cos θ) (2.20)

in our coordinate system, r cos θ = z, so we can write the solutions to the scattering
problem with soon to be found constants Al, Bl,Cl,Dl, φ as

Ψ1 =

∞∑
l=0

[AlG+l + BlG−l ]Pl(cos θ)

Ψ2 =

∞∑
l=0

[ClG+l + DlG−l ]P1
l (cos θ)eiφ

(2.21)

Where P1
l (cos θ) is the first associated Legendre function defined by

P1
l (u) =

√
(1 − u2)

d
du

Pl(u) (2.22)
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Now we can put our gathered knowledge together. For simplicity, I will only present the
steps for the spin up states, the spin down case is solved analogously. Use equation (2.20)
to get

Ψ1 − exp(iKz) =
∞∑

l=0

[AlG+l + BlG−l − (2l + 1)il jl(Kr)]Pl(cos θ) (2.23)

Equation (2.9) yields

Ψ1 − exp(ikZ) ∼
r→∞

exp(iKr)
r

f +(θ, φ) (2.24)

Using eq. (2.19), we get

1
Kr

∞∑
l=0

[
Al sin

(
Kr −

lπ
2
+ δ+l

)
+ Bl sin

(
Kr −

lπ
2
+ δ−l

)
−(2l + 1)il sin

(
Kr −

lπ
2

)]
Pl(cos θ)

=
exp(iKr)

2iKr

 ∞∑
l=0

exp
(
−i

lπ
2

) [
Al exp(iδ+l ) + Bl exp(iδ−l ) − (2l + 1)il

]
Pl(cos θ)


−

exp(−iKr)
2iKr

 ∞∑
l=0

exp
(
i
lπ
2

) [
Al exp(−iδ+l ) + Bl exp(−iδ−l ) − (2l + 1)il

]
Pl(cos θ)


=

exp(iKr)
r

f +(θ, φ)
(2.25)

which, by inspection of the coefficients, leads to the condition

Al exp(−iδ+l ) + Bl exp(−iδ−l ) = (2l + 1)il (2.26)

which can be solved by choosing

Al = lil exp(iδ+l ), and Bl = (l + 1)il exp(iδ−l ) (2.27)

A similar approach leads to the following forms for the spin-down coefficients:

Cl = il exp(iδ+l ), and Dl = −il exp(iδ−l ) (2.28)

which, via equation (2.25), leads us to forms for the scattering amplitudes which only
depend on the phase shifts:

f +(θ, φ) =
1

2iK

∞∑
l=0

{
(l + 1)

[
exp(2iδ−l ) − 1

]
+ l

[
exp(2iδ+l ) − 1

]}
Pl(cos θ)

g+(θ, φ) =
1

2iK

∞∑
l=1

[
exp(2iδ+l ) − exp(2iδ−l )

]
P1

l (cos θ) exp(iφ)

(2.29)

The scattering amplitudes of the spin down states are related to the ones of the spin up
states by

f −(θ, φ) = f +

g−(θ, φ) = −g+(θ, φ) exp(−2iφ).
(2.30)

It is thus convenient to define the functions

f (θ) =
∞∑

l=0

AlPl(cos θ)

g(θ) =
∞∑

l=0

BlPl(cos θ)

(2.31)
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with
Al =

1
2iK

{
(l + 1)

[
exp(2iδ−l ) − 1

]
+ l

[
exp(2iδ+l ) − 1

]}
Bl =

1
2iK

{
exp(2iδ+l ) − exp(2iδ−l )

} (2.32)

In this notation, the scattering amplitudes converge to

f + = f − = f

and g+ = g exp(iφ)

g− = −g exp(−iφ)

(2.33)

Up to now we have only considered polarised electrons with well-defined spin states. The
general case, however, is an electron with arbitrary spin direction: Ψ1 = A exp(iKz) and
Ψ2 = B exp(iKz)q. In the notation of equation (2.7), this means a1 = A, a2 = B and

b1 = A f + + Bg− = A f − Bg exp(−iφ)

b2 = Ag+ + B f − = B f + Ag exp(iφ)
(2.34)

So we have found a form for the elastic scattering cross-section of an electron of arbitrary
spin direction:

dσ
dΩ
= (| f |2 + |g|2)

{
1 + iS (θ)

[
AB∗ exp(iφ) − A∗B exp(−iφ)

|A|2 + |B|2

]}
(2.35)

where S (θ) is the Sherman function

S (θ) = i
f g∗ − f ∗g
| f |2 + |g|2

(2.36)

Part of the last expression in equation (2.35) can be nicely rewritten as

i
AB∗ exp(iφ) − A∗B exp(−iφ)

|A|2 + |B|2
= 〈ξ|(σ2 cos φ − σ1 sin φ)|ξ〉 (2.37)

using the first two Pauli matrices σ1 and σ2 and a spinor |ξ〉:

σ1 =

(
0 1
1 0

)
σ2 =

(
0 −i
i 0

)
ξ =

A/
√
|A|2 + |B|2

B/
√
|A|2 + |B|2

 (2.38)

Since a unit vector perpendicular to the direction of scattering (in the x-y-plane) is given
by

n̂ = (− sin φ, cos φ, 0) (2.39)

we can write the expression as

〈ξ|(σ2 cos φ − σ1 sin φ)|ξ〉 = P · n̂ (2.40)

where P = 〈ξ|σ|ξ〉 is the initial polarisation of the incoming electron beam. So our
differential scattering cross-section has the form

dσ
dΩ
= (| f |2 + |g|2)[1 + S (θ)P · n̂] (2.41)

Since the electron beam created by the electron source (be it thermal or CFE) in the SEM
is completely unpolarised, the last part of this equation is identically zero, and we have
finally arrive at a compact expression for the differential scattering cross-section:

dσ
dΩ
= | f |2 + |g|2 (2.42)

Of course, we still have no explicit expression for the phase shifts (this, unfortunately,
will have to remain so: There is no closed analytic expression for them [33]), but we will
deal with this in the next paragraph. For the moment, it is worth taking a closer look at
the last bit of equation (2.42).
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Figure 2.2: dσ
dΩ for the four chemical elements used in the simulation, at energies 500eV and 3keV. The

data was generated from the NIST Electron Elastic Scattering Cross-Section Database [36]. Note the
strong oscillatory features of the cross-section for Osmium.

Spin-Flip

The expression |g|2 is called the spin-flip contribution. It represents the case of the elec-
tron changing its spin during the scattering event. It is a manifestation of relativity: The
non-relativistic limit (which we can generate by imposing δ+l = δ

−
l = δl) gives

Al =
1

2iK
{
(l + 1)

[
exp(2iδl − 1

]
+ 1 + l

[
exp(2iδl) − 1

]}
=

1
2iK

(2l + 1)[exp(2iδl) − 1]

Bl =
1

2iK
{
exp(2iδl) − exp(2iδl)

}
= 0

(2.43)

and hence

f (θ) =
1

2iK

∞∑
l=0

(2l + 1)[exp(2iδl) − 1]Pl(cos θ)

=
1
K

∞∑
l=0

(2l + 1) exp(iδl) sin δlPl(cos θ)

g(θ) = 0

(2.44)

so
dσ
dΩ
= | f |2 (2.45)

this is the main reason why the Monte-Carlo simulation has to use the Mott cross-section
(or rather, the partial wave expansion approximation to it I have just presented) instead of
the screened Rutherford cross-section often used in its place [21]: The total cross-section
magnitude differs strongly between the two models, due to the addition of the spin-flip
amplitude in the Mott model. Only for heavy elements (like Osmium, used here) does the
normalised differential scattering cross-section differ significantly, too4

4The only part of this work where this effect can be seen clearly is in the angular distributions of backscat-
tered electrons if stained spheres are included close to the beam impact point (see section 4.6.2. For all other
cases, the more complex structure of the Mott cross-section compared to the Rutherford shape is mostly
averaged out over several consecutive scattering events, leaving only a minor effect caused by the slightly
varying average scattering angles between the two models.
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Calculating the Phase Shifts

How can we obtain values for the phase shifts δ±l in equation (2.29) which we need for the
calculation of the differential cross-section (equation (2.42))? Looking back at equation
(2.10), we see, of course, that the potential V(r) is the decisive quantity for the behaviour
of the phase shifts.
There are several approaches to this problem. In this work, I have used tabulated values
for the total elastic scattering cross-section [33] and another set of tables containing the
differential elastic scattering cross-sections [36]. The authors of the former work used the
so-called static exchange approximation [37], which assumes the potential to be of the
form

V(r) = Vnuc(r) + Vee(r) + Vex(r) (2.46)

where Vnuc is the Coulomb-Potential of the scattering atom’s nucleus, which, for atomic
mass A and nuclear charge Ze, is represented as a homogeneously charged sphere of
radius

Rn = 1.2 · 10−13A1/3cm (2.47)

hence

Vnuc(r) =
1

4πε0

∫ r

Rn

Ze2

r′
dr′ (2.48)

Vee, describes the electrostatic interaction with the atom’s electron. Their density ρe(r) is
assumed to be spherically symmetric:

Vee = 4πe2
∫ ∞

0

ρe(r′)
r>

r′2 dr′ where r> ≡ max(r, r′) (2.49)

Finally, Vex is the exchange potential, modeled as

Vex(r) =
1
2

[E − Vnuc(r) − Vee(r)] −
1
2

{
[E − Vnuc(r) − Vee(r)]2 + 4πρ(r)

}1/2
(2.50)

The method used by these authors is to calculate the function rV(r) for this potential on
a set of points on a radial grid, interpolate these values with cubic splines and solve the
Dirac equation using Bührings power series method [38], which expands the functions f
and g of equation (2.42) first in Legendre Polynomials, and the thus generated coefficients
in the variable c2 = cos( 1

2θ), but is too lengthy to reproduce here. This expansion can be
truncated to get an approximate solution to the Dirac equation.

The authors of the NIST database for electron elastic scattering [36] used a different
method, developed by Bunyan and Schonfelder [39]. Here, V(r) is expanded to third
order in r:

V(r) = −
1
r

(Z0 + Z1r + Z2r2 + Z3r3 + O(r4)) (2.51)

Bunyan and Schonfelder derived the first order differential equation

dΦ±l (r)
dr

=
k±

r
sin[2Φ±l (r)] + [W − V(r)] − cos[2Φ+l (r)] (2.52)

where k± is defined as in equation (2.10), and the quantities Φ±l are linked to the phase
shifts by

δ±l = lim
r→∞

{
arctan

(
K jl+1(Kr) − jl(Kr)[(E + 1) tanΦ±l (r) + (1 + l + k±)/r]
Knl+1(Kr) − nl(Kr)[(E + 1) tanΦ±l (r) + (1 + l + k±)/r]

)}
(2.53)

The potential (2.51) is used to calculate an initial value of Φ±l (r) for small r, needed for a
numerical integration of equation (2.52). The authors showed that, to third order:

Φ±l (r) = Φ0 + Φ1(r) + Φ2r2 + Φ3r3 + O(r4) (2.54)
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with coefficients

Φ0 =
1
2

arcsin
(
−

Z0

k

)
Φ1 =

E + Z1 − cos(2Φ0)
1 − 2k cos(2Φ0)

Φ2 =
2Φ1 sin(2Φ0)(1 − kΦ1) + Z2

2 − 2k cos(2Φ0)

Φ3 =
2Φ2 sin(2Φ0(1 − 2kΦ1 + 2Φ2

1 cos(2Φ0)(1 − 3
2 kΦ1) + Z3

3 − 2k cos(2Φ0)

(2.55)

2.3.4 Inelastic Scattering

The highly complex character of the physical properties of condensed matter are reflected
in the wealth of interactions it shows with incident electrons. Indeed, electrons are rou-
tinely used as probes in solid state physics, typically as a tool for the analysis of electron
distribution in the solid. For the purpose of Monte Carlo simulations, the inelastic inter-
actions are often grouped into the following models [40]:

Plasmon Excitation: Perturbations in the electron-plasma are quantised due to the finite
size and regularity of the solid, giving rise to a type of virtual particle called the
plasmon (analogous to the phonon, the quantum of the motion of the nuclei). Quinn
[41] proposed a theoretical model that leads to the angular differential cross-section
for the excitation of a plasmon

dσP(θ)
dθ

=
1

2πna0

θE

θ2 + θ2E
θE =

~ωP

2E
(2.56)

where a0, ωP and n are Bohr radius, plasma frequency and electron number density,
respectively. (The plasma frequency is defined as ωP =

√
ne2/(mε0).) The scat-

tering of primary electrons through plasmon excitations is essentially restricted by
θ < θmax = ~kc/2mE, where kc is a cut-off wave number. Since θmax is very small
[40], below 10mrad for the energies discussed here, the angular deflection due to
plasmon excitation can be neglected.

Conduction Electrons: Considering conductors, Streitwolf [42] presented a cross-section
for the excitation of conduction electrons at the Fermi Energy:

σc(EF) =
0.34e4k3

F

3πEPE2
F

(2.57)

where kF and EF are the Fermi Energy and wave number5, and for E′ , EF as

σc(E′) =
e4k3

F

3πE(E′ − EF)2 (2.59)

Outer Shell Excitation: For insulators, the excitation of electrons in the outermost shell
can be described by the energy differential Møller cross-section [43]

dσM

d∆E
=
πe4

E2

{
1

(∆E)2 +
1

(1 − ∆E)2 −
1

∆E(1 − ∆E)

}
(2.60)

where ∆E is the energy transferred to the shell electron.
5The Fermi Energy is defined as

E f =
~2

2m

(
3π2n

)
(2.58)

with n defined, as above, as the electron number density. The Fermi wave number is kF =
√

2mE f /~
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Inner Shell Excitation: The excitation of electrons in the i-th shell (with binding energy
Ui) is described by the Vriens cross-section [44]

dσV

d∆E
=

πe4

E2(1 + 2Ui)

 1
(∆E)2 +

4
3

Ui

e3 +
1 + 4

3 Ui

(1 + Ui − ∆E)2 −

cos
[
−

( Ry
1+Ui

)1/2
ln Ui

]
∆E(1 + Ui − ∆E)


(2.61)

with the Rydberg Energy Ry.

Bremsstrahlung: Reconsidering the elastic scattering discussed in section 2.3.3 from a
classical electrodynamics point of view, we have to realise that those events cannot
be totally elastic in the sense of the electron keeping its initial energy: Since the
electron carries charge and its direction of flight is altered in the scattering process,
it constitutes an accelerated charge and hence has to emit radiation, Bremsstrahlung
[45], [46].

Pair production: At relativistic energies (above 1 MeV, the threshold for the production
of an electron-positron pair) the electron can create particle showers of growing
extent. Since this work does not deal with such truly massive energies, we will not
consider these effects here.

Inspecting this list, we unfortunately have to realise that most of these mechanisms (ex-
cept for the outer shell excitation) ask for physical quantities that are, to my best knowl-
edge, either not known or highly spatially variable for the complex materials (Epoxy,
biological tissue) that we would like to be able to simulate (like the electron number den-
sity, the conductivity and the shell electrons’ binding energies). Following the lead of
previous authors ([22], [47], [20], [21], [48], [49], [50], [51]), I have thus used the contin-
uous slowing down approximation (csda) [52]. In this picture, all the inelastic interactions
between the incident electrons and the sample are combined into one single formula for
the stopping power (dE/ d) of the sample material which describes the loss of energy over
travelled distance s. This introduces three systematic errors into the simulation

• Because the stopping power approximation is deterministic, every simulated elec-
tron trace has the same length. There is no path length straggling.6

• There is no production of secondary electrons, which contribute to the electron
signal in reality. Since SEs are characterised by an average energy much lower
than that of the BSEs and hence only contribute weakly to the detector signal, this
is an acceptable error, as long as one is interested in BSE signals. This changes, of
course, if the SEM in question uses the SE signal for imaging.

• Since inelastic scatterings change the direction of flight of the incident electron, too,
the simulated traces show a lower entropy than their physical role models. While
plasmon excitations cause nearly no deflection (see above), the inelastic scattering
on conduction and shell electrons changes the direction of flight by a scattering
angle θ as sin θ =

√
∆E/E. It is difficult to estimate the extent of this effect, for all

the same reasons that make it difficult or impossible to simulate it. Qualitatively,
we can understand that its influence on the electron paths gets more pronounced

6Actually, there is a small variation of the path lengths due to the discretisation of energy loss. In the
simulation, the energy loss per step of length s is approximated as

∆E =
∫ s1

s0

dE(s)
ds′

ds′ ≈
dE(s0)

ds
(s1 − s0) (2.62)

However, this does of course not introduce a physically meaningful path length straggling, but rather another
systematic error.
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Figure 2.3: Experimental stopping powers for Carbon and Gold, together with the approximations of
Bethe and Joy & Luo. Note that the simulation only covers electrons with energies > 0.1keV. The
experimental data was taken from [53] and originally stems from [54], [55], [56] and [57]. Note that
the theoretical curves (equations (2.64) and (2.65)) have the mass density as a free parameter. Since
Carbon has several solid phases of considerably varying densities, ρC = 2.5 g/cm3 (a value for dense
graphite) was chosen somewhat ad hoc for this plot to achieve a good agreement with the experimental
data, as the latter is unfortunately somewhat unclear in this regard.

for light elements (which have a smaller elastic cross-section and a lower binding
energy of the shell electrons, making for a larger shell excitation cross-section).
The very good agreement between simulated BSE yields for Carbon (the lightest
element simulated for which experimental data is available), however, suggests a
low influence of this effect on the overall electron distribution even at this low
nuclear charge (see fig. 4.2 and section 4.1).

Stopping Power Approximations

The seminal work on electron stopping powers was published by Hans Bethe in 1930
[58]. Using the mean ionization energy J which can be approximated by [59]

J =
[
9.76 · Z +

58.5
Z0.19

]
[eV] (2.63)

Bethe derived the form(
dE
ds

)
Bethe

=
2πe4NZ

E
ln

(
1.166E

J

)
= −

2πe4ZρNA

AE
ln

(
1.166E

J

)
(2.64)

where N,Z, A, ρ,NA are number density, nuclear charge number, nuclear mass number,
mass density and Avogadro’s constant, respectively.
Figure 2.3 shows this approximation for Carbon and Gold as a dashed line. It is obvi-
ously only a good fit for high electron energies (above 10keV). Hence Joy and Luo [60]
proposed an empirical correction to (2.64) in the low energy range, given by(

dE
ds

)
Joy & Luo

=
2πe4NZ

E
ln

(
1.166(E + 0.85J)

J

)
(2.65)

which is shown as a solid line in Figure 2.3. It allows [20] a simulation in good agreement
with the experimental data for energies down to J, which lies in the order of a few 100eV
for the elements in question here.
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Stopping-Powers based on Optical Data

A more realistic approximation for the stopping power7 can be attained from experimental
optical data, using the the energy loss function Im[−1/ε(q, ω)], which depends on the
momentum transfer q and the energy loss T = ~ω in inelastic scattering events [62]. The
experimental data is used to establish the ω-dependence of the energy loss function, while
the q-dependence can be established from a theoretical model. Then, the stopping Power
is [61]

dE
ds
= −

1
πa0E

∫ ∞

0
ωp Im

(
−1
ε(ωp)

)
dωp

∫ q+

q−

dq
qωp(q)

∫ E−E f

0
(~ω) d(~ω)δ(ω − ωp(q))

(2.66)
where a0, E f and ωp are Bohr radius, Fermi energy and plasma frequency, respectively,
and

ω2
p(q) = ω2

p +
1
3

v(ωp)

√
2mE
~

2

+

(
~q2

2m

)2

q± =

√
2mE
~

1 ±
√

1 −
~ω

E


(2.67)

with the Fermi velocity v(ωq) of a free-electron gas.

Unfortunately, this approximation is only valid for solids that can be modelled by a free
electron gas, which is a bad assumption for Epoxy, the material assumed for the bulk
sample in this work. Further, just like the models for inelastic scattering, it needs exper-
imental data which, to my best knowledge, is not available for Epoxy. In this work, we
will thus use Joy’s and Luo’s approximation.

2.4 Relevant Chemistry of Biological EM sample prepara-
tion

2.4.1 Chemical Composition of the Sample

While living organisms are arguably the most complex chemical systems known to man,
their raw physical content is strikingly homogeneous: They consist almost entirely of
Hydrogen (∼ 50%), Carbon and Oxygen (∼ 24% each), with 70% of their volume being
made up of water [63]. For the purpose of electron microscopic imaging, this largest con-
stituent is washed out with an organic solvent like Ethanol or Acetone [64], which is then
itself replaced with an Epoxy polymer8 (the process is called embedding). We can there-
fore assume the sample in the microscope to be bulk epoxy. This simplification becomes
even more attractive if we consider that – as we are going to find out in due course – the
chemical composition of biological tissue and Epoxy are already rather similar to begin
with.

For the purpose of EM embedding, the commercial Epoxy resins Spurr, Araldite and
Epon 8129 have become standard, with Epon 812 [65] apparently being most widely
used. A typical preparation of Epon 812 consists of [66]

7The same model can also be used to calculate inelastic mean free paths in simulations which include
inelastic scattering [61].

8Epoxies (Polyepoxides) are a large group of chemicals, characterised by a functional group, the Epoxy
Group, a cyclic ether with three ring atoms (C-O-C), connected to the rest of the molecule. The Epoxy group
mediates the ability of the Epoxy to polymerize into a solid.

9Epon 812, originally a trademark of Shell who do not produce it anymore, is now sold under a variety
of names by other companies, mostly with the added clause “Epon 812 replacement”.



28 Foundations

37.0ml Glycid Ether 100 C14H23O7
25.0ml Dodecenylsuccine acid (DDSA) C16H26O3
20.0ml Methyl Nadic Anhydride (MNA) C10H10O3
1.3ml Benzyldimethylamine (BDMA) C9H13N

Since all four ingredients have similar mass densities of approximately 1.2g/cm3, we can
calculate the relative number densities (called atomic fraction ni in the following) for
each of the constituent chemical elements to get the chemical composition of the bulk to
be simulated:

Hydrogen: nH = 53% Carbon: nC = 34.8%
Nitrogen: nN = 0.04% Oxygen: nO = 12.1%

In the simulation, we will round to full percentage points and neglect the contribution of
Nitrogen. Since its total cross-section is similar to that of Carbon and Oxygen, at this low
atomic fraction this simplification will have a negligible effect.

2.4.2 Staining

As noted in the previous paragraph, biological tissues are very homogeneous from a
physical point of view: Neither their density nor their elemental composition show a
considerable spatial variance. Hence, to create contrast in Electron Micrographs, ele-
ments of high electron density (heavy metals) have to be attached to certain physiological
features of the tissue (e.g. to the cell membranes). Osmium, the densest of all known
elements10 (at a mass density [67] of ρOs = 22.57g/cm3), is ideally suited for this task,
but it has to be embedded into a solid that is insoluble in the organic solvents used to ex-
tract the water from the tissue. In the standard staining protocol, this task is performed by
3,3’-diaminobenzidine (DAB), a derivative of benzidine with four primary amino bases
on a biphenyl skeleton [68]:

H  2N

H  2N H  2N

H  2N

Upon oxydation, DAB forms a polymer that can be coupled with Osmium tetroxide lead-
ing to the formation of Osmium black: Due to the geometrical structure of the monomer,
the polymerization leaves unsaturated Nitrogen atoms onto which the OsO4 binds. Os-
mium black fulfils the requirements mentioned before: It is insoluble in organic solvents
and does not melt on heating up to 300◦C. Oxydation of DAB can be mediated by peroxi-
dases like Horseradish Peroxidase (HRP) [69], allowing the experimentalist to selectively
deposit the electron dense Osmium black to transmembrane proteins, effectively staining
cell membranes.

For the purpose of this work, we will need to draw our attention on atomic fractions of
Osmium that can be achieved (in theory) using this staining procedure. Polymerized DAB
has the sum formula H6C12N4 and can bind up to two OsO4 molecules [68], so a fully
saturated Osmium black polymer would have an Osmium atomic fraction of nOs = 0.07.
Spectrophotometrical studies [70] suggest a ratio of 1.3 Osmium atoms (instead of 2)
per DAB monomer be a more realistic estimate; for the scope of this work however, the
upper bound of 7% Osmium for stained regions of the sample will be used in the studies
of linearity of image formation presented in 4.3.

10There is some leisured controversy as to whether Iridium or Osmium should bear this title. Direct
measurements of the density put Osmium first, while calculations from the space lattice, which may be more
reliable (because larger quantities of any of the two are hard to get hold of), yield ρIr = 22.65g/cm3. [67]
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2.5 Summary

The considerations on the densities of Osmium in stained tissue conclude the chapter
on physical foundations; we have collected all the physical knowledge needed to build
a Monte-Carlo simulation of the SBFSEM in biological applications. To summarize the
main points of this chapter:

• The electron optics used to generate the beam in the SEM are subject to a number
of aberrations resulting in a finite width of the beam at the surface of the sample,
the spot size. For most of the following chapters, we will nevertheless assume
the beam to be perfectly focussed, the effect of the spot size can be accounted
for a posteriori by convolving the results of the point-spread-function simulations
presented in section 4.4 with the spot size in 2D.

• The energy distribution of the electrons in the beam is negligibly small for SEMs
using a cold field-emission source. We will thus assume the electrons to have a
unique landing energy Ei.

• The elastic scattering cross-section can be approximated by the partial-wave ex-
pansion of the solution to the Dirac equation. It has been numerically calculated
and tabulated before, yielding values used in the simulation.

• The inelastic effects contributing to the energy loss of the electrons during their
flight through the sample can be approximated in sum by the electron stopping
power formula by Joy and Luo. The effects of elastic scattering on the angular
distribution of the electrons will have to be neglected due to insufficient knowledge
about the physical and chemical properties of the solids in question. The good
agreement between simulation and experiment and successful previous work sug-
gest, however, that this shortcoming is not too grievous. For a closer examination
of this error, see section 3.7.1.

• Due to the methods used in EM sample preparation (i.e. the almost complete ex-
change of water for Epoxy resin) we can assume the sample to consist entirely of
Epoxy, whose chemical composition has been presented.

• Osmium does not show up as a chemically pure solid in EM samples. Instead, it is
bound to diaminobenzidine, allowing for a local atomic fraction of nOs = 0.07 at
the very most.
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Chapter 3

The Simulation

3.1 Objectives

Over the course of this chapter, the structure for a Monte Carlo simulation of the electron-
sample interaction in the BSE-recording SEM will be laid out. The following design
objectives were used:

¬ The simulation must be capable of approximating the paths of electrons in a bulk
sample of Epoxy. Since all the interactions between the electrons and the sam-
ple are inherently stochastic in nature, the mathematical tool of a Monte Carlo
simulation [71] (i.e. sampling from the probability distributions using uniformly
distributed random numbers) strongly recommends itself.

 The simulation must allow for the inclusion of “stained” objects (for simplicity, the
class of objects is limited to spheres). “Stained” will be taken to mean the addition
of Osmium to the chemical composition of Epoxy.

® Output of the simulation should include both a mode logging simulated traces in
total (to study the distribution of electrons in the sample) and one reporting only the
physical characteristics (position, direction of flight and energy) of backscattered
electrons at the point of them leaving the sample surface. This second mode allows
simulation of large numbers of electrons (up to 108), needed for statistical reasons,
that would, if we recorded each electron trace, quickly lead to data sets several GB
in size (which would necessitate saving them on a hard disk, slowing down the
simulation)

These points (together with the decision to develop the simulation in the numerical pro-
gramming environment MatLab) are all debatable in their own right and thus represent
not only objectives but also subjective decisions. The sections 3.7 and especially 5.4 will
inspect the disadvantages of these decisions and possible improvements that could not be
realised due to limitations in time and ability on my behalf.

3.2 Sampling from a Probability Distribution

The central part of a Monte Carlo simulation is the sampling. Given a probability dis-
tribution p(x), we want to create random numbers with frequencies representing p(x),
using random numbers1 R drawn from a uniform distribution on the unit interval [0, 1].
The underlying idea is the relative ease with which such uniformly distributed random

1I will use the abbreviation UDUI random number (uniformly distributed on the unit interval) for random
numbers drawn with uniform probability from the unit interval.
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numbers can be generated by computers2. While it is nontrivial to generate samples
from a high-dimensional probability distribution efficiently [74], drawing from a one-
dimensional distribution is straight-forward:

3.2.1 Lemma
Proposition: Let ξ a random variable defined over the interval (a, b), distributed with a
probability density p(x), and R a UDUI random number. Then values of ξ can be obtained
from ∫ ξ

a
p(x) dx = R (3.1)

Proof: (This proof is taken with slight abbreviations from [21].) Consider the function
f (x) defined by

f (x) =
∫ x

a
p(z) dz (3.2)

f (x) is continuous and monotonously rising, because f (a) = 0, f (b) = 1 and d f / dx =
p(x) > 0 (by definition of a probability distribution). Hence, because R ∈ [0, 1], for all R
there exists exactly one x such that f (x) = R. It remains to be shown that x is distributed
with probability density p(x). Consider ξ ∈ (c, d) ⊂ (a, b). Then

P(c < ξ < d) = P[( f (c) < R < f (d)] (3.3)

Because R is UDUI we get

P[ f (c) < R < f (d)] = f (d) − f (c) =
∫ d

c
p(x) dx (3.4)

and hence

P(c < ξ < d) =
∫ d

c
p(x) dx ∀(c, d) ⊂ (a, b) (3.5)

which proves the proposition. �

3.3 Principal Structure of the Simulation

Conventions

Throughout this chapter, we will be using two coordinate systems (see figure 3.1): The
laboratory-system is Cartesian, with the origin coinciding with the beam impact point
and the z-axis perpendicular to the sample surface, pointing downwards into the bulk.
The resting system of the electron is spherical; its colatitude angle θ is defined to be
the scattering angle, the angle between the electrons direction of flight before and after
scattering. The azimuthal angle is denoted by φ. During the simulation, each electron
trace T = (Tn){n}⊂N will be saved as a collection of tuples Tn = (xn, En, cn), where xn

is the Cartesian position of the electron in space at step n, its energy at this point is En

and cn describes the direction of flight in terms of the cosines with respect to the axes
of the laboratory system (this way of logging the direction has computational advantages
compared to actually logging θ and φ [20], [75]. See also section 3.3.1 below).

2While it is very difficult (in fact, impossible) to create truly random numbers using a deterministic
machine like the computer, there exist several algorithms that create pseudorandom numbers that are nearly
indistinguishable from true random numbers. Arguably the “most random” one today (the one providing
the longest period before repeating itself) is the Mersenne Twister [72], however, MatLab uses Marsaglia’s
substract with borrow algorithm [73] by default, and hence so does the simulation presented here. It produces
all double-precision values in the closed interval [2−53, 1 − 2−53] and can theoretically produce over 21492

values before repeating itself.
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Figure 3.1: Coordinate systems used in the simulation.

3.3.1 Elemental Bulk

To get a coarse overview of the simulation, we will start by considering the simplified
situation of a bulk sample made purely of one single chemical element. We will first look
at the simulation from an abstract level and subsequently add more and more detail to
the model. Once we have all the ingredients for the simulation of an elemental bulk laid
out, we will complete the simulation by adapting it for the case of a compound bulk and,
finally, the addition of stained regions.

Conceptual Layout

Electron traces are created serially, each starting at the beam impact point T0 = (0, Ei, c0)
with the landing energy Ei and the incident angle c0 which will in this work invariably
be chosen to be (0, 0, 1) (normal to the sample surface). From the impact point, every
electron travels a first free path into the volume. After this initial step, the simulation
proceeds in the following iterative manner:

¬ Choose a scattering angle θ and an azimuthal angle φ.

 Choose a free path length s.

® Calculate the loss of energy ∆E(s).

¯ Propagate the electron to the new trace coordinateTn defined by the tuples (θ, φ, s,∆E(s))
and the previous position Tn−1.

This loop is terminated if any of the following two conditions is met:

• The energy falls below the mean ionization energy J (defined by equation (2.63)).
In this case, the electron is considered absorbed.

• The z-coordinate becomes negative, zn < 0. In this case, the electron is logged as
backscattered.

How do we get our hands on the quantities in question, namely the free path length, the
scattering and azimuthal angles and the energy loss?

Path Length

The distance travelled by electrons between elastic scattering events is governed by a
continuous Poisson process: The chance to be scattered while traversing the distance δs
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is (in the homogeneous bulk) constant. Hence the probability for the electron to not be
scattered before reaching the path length s is

p(s) = e−s/λ (3.6)

where λ is the elastic mean free path, given by

λ =
1

Nσel
(3.7)

where N is the number density of the atoms in the bulk andσel is the total elastic scattering
cross-section. Using the substitution y = s/λ, we can now use the Lemma from Section
3.2.1 to get a rule for the sampling from this distribution:∫ s/λ

0
p(y)dy = R

1 − e−s/λ = R

s(R) = −λ ln(R)

(3.8)

in the last step, we have to convince ourselves that the number 1 − R is also UDUI, just
as R is, hence we can exchange the two for each other.

Scattering Angle

We recall from section 2.3.3 that the differential elastic Mott scattering cross-section can
be numerically calculated. Since doing so is computationally expensive and hence cannot
be done individually for each simulation step, approximate methods have to be used. In
this work, two different methods for drawing elastic scattering angles were used. The first
one is the use of pre-calculated, tabulated values, used here for Osmium scattering events
only. Ideally, this method should be used to draw all scattering angles. Unfortunately,
as will be laid out in the following paragraph, the data-sets used proved insufficient for
the drawing of bulk element scattering angles. Hence, for the bulk elements, which have
a differential scattering cross-section of simple structure, an analytical approximation of
first order was used (see below).

Tabulated values for dσ/ dΩ The US National Institute of Standards (NIST) pub-
lished an “Electron Elastic Scattering Database” in 2003 [36], providing differential scat-
tering cross-sections for all chemical elements. The values of the cross-sections are tab-
ulated on a two-dimensional grid of 61 logarithmically spaced energy values from 50eV
to 20keV and 200 variably spaced angle intervals: The data structure was designed [76]
to facilitate sampling from the cross-sections using the composition method: The range
[0, π] of the probability distribution p(x) (the normalised differential cross-section) is bro-
ken up into N small intervals di = [xi, xi+1). The probability distribution then is given by

p(x) =
N∑
i

g(x|i)h(i) (3.9)

where h(i) is the probability for the scattering angle to lie in the interval di. For large
N, the conditional probability g(x|i) can be approximated to be constant, effectively ap-
proximating p(x) by a step-function. In the data used, the intervals are chosen to cover
pair-wise equal integrated probabilities. So the algorithm used to draw from the angular
distributions is

¬ Estimate the angular distribution at the current energy by interpolating between the
two tabulated angular distributions closest in energy.
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 Draw an interval number i using a UDUI random number R.

® Draw a scattering angle3 equally distributed between xi and xi+1.

The resulting scattering angles (figure 3.2) are a very close approximation to the partial-
wave expansion approximation of the Mott cross-section for Osmium, which has quite
a complex structure at the energies in question. Only corrections of very high order
cannot be resolved through the 200 intervals used in the composition step. The reason for
this is, of course, that the condition on the intervals to cover equal probabilities leads to
especially large intervals for the very areas showing the strongest oscillations (where the
scattering probability is small). This situation changes, however, for the light elements
H, C and O of the bulk.
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Figure 3.2: Scattering angle distributions at E = 0.5keV. Theoretical values for the differential cross-
section (black line) and frequencies of 107 angles drawn from the distribution (red dots). Note the
clearly visible artefacts from the composition step. This energy represents a rather extreme case of the
oscillatory features typical of the Mott cross-section of heavy atoms. At larger energies, the differential
cross-section shows a simpler structure.

The differential scattering cross-section of these light elements is strongly peaked for
small scattering angles, with a very weak tail in the high scattering angles. The use of
the composition method, here, leads to an exceptionally large spread of the last interval
d200 (often, it covers more than 90◦, see figure 3.3). At this size, the assumption of
approximate constancy of the cross-section over the interval spread breaks down, leading
to an over-attenuation of large scattering angles, especially at higher energies (> 5keV),
where the cross-sections’ tails become especially weak. Unfortunately, the NIST database
does not allow for the easy generation of custom data-sets of higher accuracy. Hence, for
the bulk elements, a different drawing algorithm had to be used.

First Order Approximations to dσ/ dΩ The Rutherford cross-section is one of the
oldest models for the differential scattering cross-section between electrons and atoms. It
can be enhanced by a screening parameter α to account for the shielding effect of shell
electrons on the nucleus’ Coulomb potential. In the first Born approximation, and using

3Actually, the value cos θ is drawn instead, as both the tabulated data and the algorithm of the simulation
are tailored for this value. See below.
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the so-called Wentzel-approximation to the effective potential, this screened Rutherford
cross-section takes the analytical form(

dσ
dΩ

)
Wentzel

=
Z2e4

4E2

1
(1 − cos θ + α)2 (3.10)

with the screening parameter

α =
me4π2

h2

Z2/3

E
(3.11)

If we wanted to sample from this distribution, we would use Lemma 3.2.1 to get

R =
2π

∫ θ
0 ( dσ/ dΩ) sinϑ dϑ

2π
∫ π

0 ( dσ)( dΩ) sinϑ dϑ
=

(1 + α/2)(1 − cos θ)
1 − cos θ + α

(3.12)

hence, using the UDUI random variable R, we can sample from the screened Rutherford
cross-section as

cos θ = 1 −
2αR

2 + α − 2R
(3.13)

However, the Mott cross-section deviates from the screened Rutherford cross-section both
in its differential angular behaviour and in the value of the total cross-section. Since the
Mott-cross section does not allow for an analytical expression, we will use an approxi-
mation [21], [77] that reproduces its zeroth and first moments: The total cross-section σel

and the transport cross-section σtr

σel =

∫
dσ
dΩ

σtr =

∫
(1 − cos θ)

dσ
dΩ

dΩ (3.14)

To do so, we approximate the cross-section as

dσ
dΩ
=

Φ(Z, E)
(1 − cos θ + Υ)2 (3.15)

with so far unknown parameters Φ and Υ. (Using the values Φ(Z, E) = Z2e4/4E2 and
Υ = α would reproduce the screened Rutherford formula, setting Υ = 0 would return the
classical Rutherford formula). This allows us to re-use equations (3.12) and (3.13) to get

cos θ = 1 −
2ΥR

2 + Υ − 2R
(3.16)

once we have determined Υ. To do so, we use the definitions (3.14) to first get

σel = Φ(Z, E)
4π

Υ(2 + Υ)
eq.(3.15)
======⇒

dσ
dΩ
=
σel

4π
Υ(Υ + 2)

(1 − cos θ + Υ)2 (3.17)

and thence

σtr = σel

[
Υ(Υ + 2)

2
ln

(
Υ + 2
Υ

)
− Υ

]
(3.18)

As mentioned in section 2.3.3, numerical values for σel and σtr have been calculated and
tabulated [33], using the relativistic partial-wave expansion approximation to the total
Mott cross-section, for all chemical elements and energies from 100eV to 1GeV. These
values were used to calculate Υ through the solution (found numerically by Newton’s
method) of the equation (figure 3.4)

σtr

σel
= Υ

[
Υ + 2

2
ln

(
Υ + 2
Υ

)
− 1

]
(3.19)

This approximation, by construction, preserves the values of σel and σtr and hence, be-
cause

σtr = 2π
∫ 1

−1
(1 − cos θ)

dσel

dΩ
d cos θ = σel(1 − 〈cos θ〉) (3.20)
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Figure 3.3: Failure of the NIST random number generator to reproduce the differential scattering cross-
section adequately: Results of a simulation analogous to the one presented in figure 3.2, for Hydrogen
at an energy of 7keV, together with the “true” PWE cross-section from the NIST database. The slight
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function in MatLab.
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Figure 3.4: First-Order approximations (broken lines) to the partial-wave expansions (solid lines) of the
differential Mott scattering cross-sections at 0.5keV (left) and 3keV (right). Note that the Osmium cross-
section is not used for the simulation. For higher energies, the agreement between the approximation
and the partial-wave results gets better.
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it preserves the expected deflection angle per unit length. Since this approximation is
only used for the bulk elements, where backscattering is governed by diffusive effects
(i.e. most backscattered electrons have undergone a large number of scattering events,
because average scattering angles are small), the systematic errors such introduced into
the simulations are minor [21], [78].

Energy Loss

As laid out in 2.3.4, the energy loss due to inelastic effects over the course of the free path
s can be approximated by

dE
ds
= −78500ρ

Z
AE

ln
(
1.166(E + 0.85J)

J

)
[keV] (3.21)

where ρ, Z, A and J are the mass density, atomic number, atomic weight and mean ioniza-
tion energy, respectively. For the Epoxy we would like to simulate in the bulk, the mass
density is ρb = 1.22g/cm3 [66].

Propagating the Electron Coordinates

We now know the scattering angle θ, the azimutal angle φ and the length s of the trace
segment. However, the former two are determined in the reference frame moving with the
electron and we would of course like to log the electron position in the laboratory system.
Calculating the new coordinates in this system is a technical exercise in trigonometry.
The following is a combination of derivations in [75] and [20]. It was slightly expanded
for clarity:
As mentioned in section 3.3.1, the electron’s direction of flight is logged in a 3-tuple of
cosines with respect to the axes of the laboratory-frame. So we know xn and cn = (cx, cy, cz),
the electron’s last position (to avoid iterative subscripts, we will write cn = (a, b, c)). Fur-
ther, we know θ, φ and s and are searching for xn+1 and cn+1.

θ

φ

sn

sn+1 H

xn-1

xn

xn+1

θ

φ

H

y = y
0

(x  ,y  , z  )0 

y’
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y z

0 0 

xn-1

xn

xn+1

R R

Figure 3.5: Sketch for the calculation of propagated coordinates.

If the electron were not scattered, it would continue on its path, a straight line (figure 3.5).
The scattering event and the consecutive free path of length s sends it to the position xn+1
on the perimeter of the base of a cone with altitude H and radius R:
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H = s · cos θ (3.22)

R = s · sin θ (3.23)

The coordinates of the centre of the cone’s base, (X0,Y0,Z0) are given by

X0 = xn,1 + Ha

Y0 = xn,2 + Hb

Z0 = xn,3 + Hc

(3.24)

Now, we establish the set of orthonormal basis axes X′,Y ′,Z′, such that the cone’s base is
contained in the X′-Y ′-plane, and the Z′-axis coincides with the connection between the
cone’s base and apex (figure 3.5, right). We establish the direction cosines for these three
coordinate axes: For the Z′-axis, the direction is identical to cn by construction:

aZ′ = a, bZ′ = b, cZ′ = c (3.25)

The X′ axis is chosen, without loss of generality, to be the line of intersection of the cone’s
base plane with the plane y = y0. Since the base plane of the cone is described by

aX + bY + cZ − (aZ0 + bZ0 + cZ0) = 0 (3.26)

the line of intersection with the plane y = y0 is

aX − cZ − (aX0 + cZ0) = 0 (3.27)

and thus
z = −

a
c

x + +K where K ≡
ax0

c
+ z0 (3.28)

which tells us the direction cosines of the X′-axis with respect to the laboratory frame:

aX′ = cos(arctan(−a/c)) =
1√

1 + (−a/c)2

bX′ = cos
π

2
= 0

cX′ = cos(arctan(−c/a)) =
(−a/c)√

1 + (−a/c)2

(3.29)

and the direction cosines of the Y ′-axis can be determined by taking the cross-product
eZ′ × eX′ to get

aY′ = bZ′cX′

bY′ = cZ′aX′ − cX′aZ′

cY′ = −aX′bZ′

(3.30)

The coordinates of xn+1 in our newly established coordinate system is simply

x′n+1,1 = R cos φ

x′n+1,2 = R sin φ

x′n+1,3 = 0

(3.31)

So the electron’s new coordinates in the laboratory frame can be calculated efficiently as

xn+1 = xn + s.cn+1 (3.32)

where

cn+1 = cos(φ) · cn +

 V1V3 + cn,2V2V4
V4(cn,3V1 − cn,1V2)

V2V3 − cn,2V1V4

 (3.33)
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and

V1 =
1√

1 + (cn,1/cn,3)2
sin θ V2 = −

cn,1/cn,3√
1 + (cn,1/cn,3)2

sin θ

V3 = cos φ V4 = sin φ

3.4 Simulating Chemical Compounds

As noted in section 2.4.1, the SBFSEM sample, being modelled as a bulk of Epoxy,
consists of several chemical elements. How should we choose the free path, the energy
loss and the scattering angle in this situation?

Free path

The elastic free path is drawn using equation (3.8), but utilizing the total elastic mean free
path [79] in the bulk, λb

λb = (Nσtot)−1 =

 ∑
i∈{H,C,O}

niρNa

Ai
σi

−1

(3.34)

where ni, σi and Ai are the atomic fraction, the elastic scattering cross-section and the
atomic weight of the i-th element, respectively.

Energy Loss

Since the free path is chosen with respect to a mean free path that is a weighted sum of
the elemental mean free paths, using the elastic cross-sections and the atomic fractions as
weights, it is advisable to use this method in the energy loss calculation as well. Hence at
each step in the simulation,

Z ≡
1
σtot

∑
i

niσiZi A ≡
1
σtot

∑
i

niσiAi J ≡
1
σtot

∑
i

niσiJi (3.35)

to get the energy loss

dE
ds
= −78500ρ

Z

AE
ln

(
1.166(E + 0.85J)

J

)
[keV] (3.36)

Scattering Partner

Two different methods have been used in the past: The choice of the scattering partner
based on the total cross-section [80], [81]; and the choice based on the the mean free
path [82], [40]. The two methods were tested against experimental results by Howell and
Boyde in 1998 [47], yielding much better agreement with the experimental values for the
cross-section based method. Hence this method is used here as well:

At each scattering event, one of the elements making up the bulk is chosen stochastically,
the probability Pi for each element being determined by its contribution to the total elastic
scattering cross-section σtot:

Pi =
niσi

σtot
=

niσi∑
i niσi

(3.37)

where ni is, as above, the i-th elements atomic fraction (i.e. the percentage of the total
number of atoms belonging to this element).
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3.5 Simulating Inclusions in the Bulk

We want to be able to simulate the effect of the addition of “staining”, i.e. the addition
of heavy metal atoms, into the bulk. For algorithmic simplicity, we will limit ourselves
to spherical objects of varying radius r at arbitrary positions within the bulk (the location
of the sphere centre will be denoted by xs). We will have to solve two problems: First,
how to determine if and from where to where a step of the trace traverses the sphere, and
second how this sphere-crossing portion of the step should be dealt with regarding the
physical properties of the simulated electron.

3.5.1 Determining Intersection

Given the the start and end points of a trace step, xn and xn+1, it is rather straightforward to
determine if and where the step traverses the sphere: The surface of the sphere is defined
as the set of points {x} implicitly defined by

(x − xs)2 = r2 (3.38)

while the trace step is the subset of the straight line

x = xn + t(xn+1 − xn) (3.39)

for which 0 ≤ t ≤ 1. If we define the two vectors

u ≡ xn+1 − xn

k ≡ xs − xn
(3.40)

xn

xn+1

xs

r

k

u

h1

h2

we can solve the intersection condition to

[(x1 + tu) − xs]2 = r2 (3.41)

⇔ (tu − k)2 = r2 (3.42)

⇔ |u|2t2 − 2(k.u)t + |k|2 − r2 = 0 (3.43)

⇔ t1,2 =
(k.u) ±

√
(k.u)2 − |u|2(|k|2 − r2)
|u|2

(3.44)

So if the last equation has a pair of real solutions t1,2 ∈ R such that at least one of the two
lies in the interval (0, 1), the trace traverses the sphere. If both solutions lie in the unit
interval, the points of intersection are h1 = xn + t1u and h2 = xn + t2u. If only t1 lies
on the interval, the other point of intersection is h2 = xn+1, and the same applies, mutatis
mutandis, if only t2 lies in (0, 1).
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3.5.2 Simulation Corrections upon Sphere Intersection

How do the substeps that make up the simulation have to be changed if the step traverses
the sphere? The atomic fractions of the bulk elements are changed to

n′i = (1 − nOs)ni (3.45)

The total cross-section σtot has Osmium as a possible scattering partner added, and the
mass density is changed to

ρ′ = (1 − nOs)ρb + nOsρh (3.46)

where ρh is the density of pure metallic Osmium (22.61g/cm3). This in turn changes the
number densities to

N′ = n′iρ
′NA/Ai (3.47)

What does that mean for the building blocks of the simulation’s steps?

Path Length

As noted in section 3.3.1, the probability of free paths is equal to the derivative of the
probability p(s) = exp(−s/λb) for electrons to not have been scattered up to the travelled
distance s. This probability falls off with the bulk mean free path λb. What if this mean
free path is changed to a higher value λh between distances h1 and h2 along the trajectory?
Probabilities, by definition, have to be continuous. Hence, we get

p(s) =


e−s/λb for s < h1

e−h1/λbe−(s−h1)/λh for h1 < s < h2

e−h1/λbe−(h2−h1)/λhe−(s−h2)/λb for h2 < s

(3.48)

Using steps analogous to equation (3.8), we can thence arrive at an expression for the free
paths which directly represents an iterative algorithm detailing how to correct the free
paths for trajectory steps running through the spheres (fig. 3.6):

x(R) =


x0 − λb ln(R) if R < e−x1/λb

x0 − λh
[(
λ−1

b − λ
−1
h

)
(x1 − x0) + ln(R)

]
if e−x1/λb < R < e−(x1−x2)/λh−x1/λb

x0 − λb
[(
λ−1

h − λ
−1
b

)
(x2 − x1) + ln(R)

]
else

(3.49)

Scattering

Changes to the scattering process are straight forward: If the starting point of the trace lies
within the sphere, equation (3.37) is adapted to include Osmium as a possible scattering
partner; each element having the scattering probability

Pi =
n′iσi∑

i∈{H,C,O,Os} n′iσi
(3.50)

where n′i = (1 − nOs) · ni for i ∈ {H,C,O} and n′Os = nOs are the corrected bulk atomic
fractions already mentioned in equation (3.45).

Energy Loss

If a trace step traverses the sphere, the energy loss for this step is expanded in up to three
sub-steps (two, if the trace starts or ends in the sphere). If we write b1 for the first part of
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Figure 3.6: Correction to free paths, for the exemplary situation with λb = 5, λh = 2, h1 = 3, h2 = 5. Solid
lines: Probability p(s) that no scattering has occurred up to the travelled distance s. Dashed lines:
dp/ ds. The black dots coinciding with the dashed lines represent the frequencies of 107 free paths
drawn from the distribution of free paths for this situation, using the algorithm defined in equation (3.49).
The distribution has been normalised to a value of 1/λb at s = 0. Small deviations of the data points at
the points of non-differentiability are artefacts of the histogram binning.

the free path in the bulk, h for the part within the sphere and b2 for the final part outside
the sphere, we get the energy loss

∆E =
(

dE
ds

)
b1 +

(
dE
ds

)′
h +

(
dE
ds

)
b2 (3.51)

where the primed version of the stopping power is meant to denote the version of equa-
tion (3.36) incorporating Osmium as well as the Epoxy constituents, while the unprimed
version uses the bulk elements only.

3.6 Summary

The next page shows a condensed overview of the whole simulation. Each trace has an
initial part that simply determines the first free step length into the sample and a second
part (a while-loop subject to the breaking condition (E > JO) ∧ (zn > 0)) iteratively
creating the trace within the volume. I am using JO because, at ≈ 110eV, it is the largest
mean ionization energy of the bulk elements, the point where the stopping power approx-
imation breaks down. One could argue that JOs ≈ 770eV is the true lower bound, but
during the simulations shown in the following chapters, the Osmium will invariably be
embedded in regions with average electron energies far beyond JOs (typically, they will
range from 2.3keV to 7keV), so that we can safely assume the stopping power model to
be applicable there. Using such a high breaking condition would otherwise change the
results, too, cutting off a significant amount of possibly backscattered electrons.
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3.7 Examination of Errors

There are two main sources of systematic errors in the simulation: The neglecting of
inelastic scattering effects and the use of Joy’s and Luo’s stopping power approximation
instead of a more physically complex model involving the numerous different inelastic
interactions in the bulk. Other sources of error, like the errors created by discretising
the differential Mott cross-section and the partial wave expansion approximation that was
used to calculate it, are most likely to have a smaller effect on the simulation result. This
section provides a summary of the different error mechanisms and an estimate of their
respective contributions to the simulation result.

3.7.1 Disregard of Inelastic Scattering

As mentioned in 2.3.4, it is not clear how strong the influence of inelastic scattering on the
entropy of electron directions of flight is, because of limited knowledge about the precise
solid state physics of the sample matter. Other authors [83], [84] [85] have used optical
data (gathered from electron energy loss spectroscopy) or [86] [87] the theoretical expres-
sions for the Møller and Vriens cross-sections presented in section 2.3.4. As mentioned
in section 2.3.4, I am not alone in having to resort to using elastic effects only to simu-
late directional changes: While the models of the Vriens and Møller cross-sections are
not acceptable for the complex molecular structures of the compounds in question here,
using optical data as a substitute is impossible because, to my best knowledge, these do
not exist. However, in a recent review [61], Jablonski et al. observed, that at least for
the heavy elements Cu, Ag and Au, the differences in backscattering coefficients between
simulations emulating the production of secondary electrons as well and those simulating
elastic scattering only is, for beam energies above 1keV, well below 1%, suggesting this
omission create not as drastic an effect as one might assume.

3.7.2 Stopping Power Approximation

Joy’s and Luo’s expression for the stopping power used in this work is not a perfect
fit for the true stopping power and deviates from the true value especially in regions of
low energies (below 0.1keV). However, the already mentioned review by Jablonksi et
al. [61] has shown that the backscattering coefficient is rather insensitive to variations
in the stopping power model: Even very strong deviations in the stopping power (up to
60%) lead to moderate changes in the backscattering coefficient (12% compared to a Gold
standard created using a very sophisticated algorithm using stopping powers from optical
data). Hence, although the contribution of this particular choice for the stopping power
to the systematic error of the simulation may be sizeable, it is most likely acceptable
nevertheless.

3.7.3 Mott Cross-Section Approximations

The authors of the cross-section databases used in the simulation ([33] and [36]) claim
their results be accurate to less than 1% for the full range of energies considered here.
Considering the systematic errors added by the composition sampling method for the
Osmium scattering events, this number might be slightly larger.

3.7.4 Second-Order corrections to Mott’s Cross-Section for the bulk el-
ements

The first order approximation to the partial-wave expansion approximation Mott cross-
section reproduces the transport cross-section or, equivalently, the expectation value 〈cos θ〉
of the cosine of the scattering angle. It does not, however, reproduce the higher order
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structures in the differential scattering cross-section. As has been mentioned in section
4.6.2, it can be assumed that these higher order contributions are mostly averaged out
over the course of several scattering events [78], [21].

3.7.5 Chemical Uncertainties

The approximation used for the chemical structure of the bulk sample, namely that it
consist of pure Epon 812 made according to a certain recipe is obviously not perfectly
valid. A real biological sample is bound to have a chemical structure that varies spatially,
from intracellular volume to cell membranes, also depending the type of tissue to be
imaged. However, we are going to find out in section 3.7.5 that the simulation is rather
robust to such small variations, yielding roughly comparable results even for very strong
variations of the chemical composition of the sample.

3.7.6 Other Sources of Error

Among the more prominent remaining possible sources of error are ambiguities in the
way the physical parameters of the simulations (energy loss, scattering angle, free path)
are chosen. The three choices made are argumentatively linked: If the mean free path
is chosen based on the elements’ contribution to the total elastic scattering cross-section,
the energy loss and the scattering partner should be combined by the same rationale; oth-
erwise previous experimental results based on the (implicit) fine-tuning between energy
loss, scattering angle and path lengths lose their applicability. Howell and Boyde showed
[47] that the choice based on contribution to the total scattering cross-section yields more
reliable results than other combinations (e.g. choice based on contribution to the mean
free path) and that the Mott scattering cross-section yields results superior to those us-
ing the screened Rutherford scattering cross-section. These authors conducted a series
of experiments using a wide range of compounds (including Hydrocarbons, as well as
compounds involving much heavier elements), comparing the greyness level in experi-
mentally derived images as a function of the imaged compound with the BSE coefficient
predicted by Monte Carlo simulations. They found the discrepancy between the func-
tional behaviour predicted by a simulation analogous to the one presented here (i.e. using
the Mott cross-section and weights based on the elemental contribution to the scattering
cross-section) and the behaviour found experimentally to be smaller than the measure-
ment error of the experiment. It hence seems to be safe to assume only a very minor
contribution of these choices to the overall simulative error.

It is difficult to estimate a quantitative value for the combined error of all these different
effects. Simulations of a pure Carbon bulk (fig. 4.2) lie within the spread of experimental
results, but seem to be systematically lower than the average value for the backscattering
coefficients, probably due to the omitting of inelastic scattering. Dapor [21] argues that a
similar simulation has an error of between 5% and 15% of the backscattering coefficient.
Unexpected effects of the introduction of staining could, however, lead to larger errors.
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Figure 4.1: A sample set of 1000 simulated electron traces in a pure Epoxy bulk, for an initial energy of
3keV. The traces of the backscattered electrons have been labelled in red.

The simulation, in its most complex form, produces electron traces (figure 4.1) at fre-
quencies from 100Hz to 1000Hz on standard contemporary hardware1. The performance
depends strongly on the position of the stained sphere (because the corrections to trace
length and energy loss at sphere traversion are the computationally most expensive part
of the simulation) and on the staining density used (because the composition algorithm
for the Osmium scattering events is slightly more expensive than the analytical sampling
method from the first order approximation). Logging of full traces and the calculation of
electron trace densities in the bulk volume are slower, because the large data-sets needed
for these tasks seem to cause a large overhead for the MatLab virtual machine.

4.1 Comparison with experimental data

As a first test of the reliability of the simulation’s results, we consider a very simple sit-
uation, for which experimental data is readily available [53]: Let the sample consist of a
bulk of Graphite, i.e. just the chemical element Carbon, with a mass density of 2.11g/cm3.
Comparing the backscattering coefficients produced by such a simulation2 with experi-
mentally gathered ones (4.2), we can conclude that the simulation is well capable of

1Intel Pentium 4, 3.2 GHz, 2GB RAM, MatLab Version 7.1
2To avoid masking software bugs, these results were created using the actual (Epoxy bulk) simulation

code used to create all other results, setting the atomic fraction of Carbon to 100% and the mass density to
2.11g/cm3, the value for Graphite.
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producing results lying within the spread of the experimental results. If we assume the
different experimental data-sets to be of equal authority, we can also conclude that the
simulation yields slightly lower backscattering coefficients η than the mean of the exper-
imental values. The most obvious explanation for this effect is the omitting of inelastic
scattering (section 3.7.1) which lowers the entropy of the electron traces distribution, de-
laying diffusion and thus lowering backscattering.

4.2 Distribution of Electrons in the Solid

The traces of simulated electrons form a diffuse distribution in the sample, called the
interaction volume. It is by now accepted knowledge [26] that this volume has approxi-
mately the shape of a half-sphere, with a radius given by the electron range3, which can
of course be calculated by numerical quadrature from Joy’s and Luo’s stopping power
(2.65). Alternatively, Joy [20] offers the analytical approximation

Range [nm] =
70 · (Ei[keV])1.66

ρ[g/cm3]
(4.1)

which was used as the depth range for the plots in figure 4.3 (the actual simulation data,
however, is not influenced by this model).

4.3 Linearity of Image Formation

The first central question of this work concerns the applicability of the linear model,
i.e. whether the SEM images can be modelled as the superposition of the images of a
collection of point-like objects? A positive answer to this question would imply what
I would like to call spatial linearity, as opposed to the notion of chemical linearity, the
latter denoting the statement the signal from a stained region rise linearly with the number
density of the staining element. The following two subsections will provide simulative
answers to both these questions.

4.3.1 Spatial Linearity

To examine spatial linearity, a variant of the simulation, capable of simulating two spheres
in the bulk volume at once, can be used: Two spheres at two different positions are simu-
lated, first both on their own, then both in the volume at the same time. If the sum of the
BSE signals (the background-corrected backscattering coefficients) is equal to the signal
from the two-spheres-simulation, the image formation process is spatially linear, i.e. the
psf-model is applicable. The situation for which the strongest spatial non-linearity is ex-
pected is shown in figure 4.4: The first sphere lies directly underneath the beam impact
point, the other one is located below the first, moving down into the sample volume over
the course of the simulation. These simulations have been conducted both at full Osmium
density (i.e. the equivalent of pure metallic Osmium spheres) and at the staining density
of nOs = 0.07, the upper bound for realistic Osmium densities established in section 2.4.2.
While the results show a strong spatial non-linearity for the full staining case (for Ei =

3keV, the summed signals are about 30% larger than the two-spheres-signal), the low
staining situation realistic for biological imaging has a much lower spatial non-linearity.
Even in the worst of the simulated cases (at Ei = 7keV, the summed signal is just 10%
larger than the two-sphere signal). For Ei = 3keV, an initial energy often used for SBF-
SEM imaging, this nonlinearity falls down to 6%.

3For the real situation in the microscope this is, of course, no hard, deterministic limit, but rather some
measure of the typical distance travelled by each electron. However, for the Monte Carlo simulations it is
indeed a hard limit, determined by the stopping power used.
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Figure 4.2: Backscattering coefficient of Carbon: experimental and simulated data. The experimental
data was taken from [53] and originally stems from [88], [19], [89], [90], [91], [92], [93], [94], [95] and
[96].
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Figure 4.3: Distribution of electrons in the solid, at initial energies of 3keV (top row) and 7keV (bottom
row). The densities were recorded by logging the radial distance (left column) and energy (right column)
of electron traces on a grid of 1nm bin width in both dimensions. This attenuates the densities at radial
distance r by a factor of 2πr (because a grid bin at radial distance r effectively represents a torus of
circumference 2πr), which had to be corrected for in the plots in the left column, leading to the singularity
at r = 0 clearly visible in the plots. The frayed look at high depths and low lateral densities is also due
to this effect: These areas have such low chances of any electron traversing them that the measured
density remains zero for the 105 traces used in these simulations, and hence remains zero, even after
correction for the radial distance. Note the logarithmic colour scale in the left column plots.



50 Results

0 5 10 15 20 25 30
0

10

20

30

40

50
100% Osmium

∆ z [nm]

η 
− 
η 0 [%

]

upper sphere
lower sphere
both spheres
sum

0 5 10 15 20 25 30
0

1

2

3

4

5

6
7% Osmium

∆ z [nm]

η 
− 
η 0 [%

]

0 5 10 15 20 25 30
0

5

10

15

20

∆ z [nm]

η 
− 
η 0 [%

]

0 5 10 15 20 25 30
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

∆ z [nm]

η 
− 
η 0 [%

]

E  = 3keVi

E  = 7keVi

∆z

1

2 3

4 5

Figure 4.4: Linearity of image formation: Ê: Sketch of the simulated situation. Simulations for initial
energies of 3keV (panels Ë and Ì) and 7keV (Í and Î), for the case of massive Osmium spheres
(Ë,Í) and low (nOs = 7%) staining (Ì,Î). Plots Ë and Í show data from 105 traces; for the two low
staining plots, (Ì and Î) 3 · 105 traces were needed to reach an acceptable statistical fidelity.
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Cumulative Effects

One could argue a simulation of just two small objects suffice not to measure spatial non-
linearity, since the cumulative effect of a large group of point objects on one of their kind
could be sizeable, even if the influence of a single sphere is low.
The simulation presented in the previous section can be adapted to answer this question
(figure 4.5): A hemisphere centred on the beam impact point is simulated at varying radii,
together with the signal from a fixed small sphere (radius 2nm) at an embedding depth
of 12nm. Simulations of spheres with 7% Osmium staining4, again, show a very weak
effect that seems to remain nearly constant over the simulated range of hemisphere radii.
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Figure 4.5: A measure of cumulative spatial non-linearity. Top: Sketch of the simulated simulation.
Simulations for initial energies of 3keV (left) and 7keV (right), for the case of 7% Osmium staining.
Every data-point represents 105 simulated traces.

Discussion

The simulation results suggest that, at realistic atomic fractions of Osmium in the stained
volume, the spatial non-linearity of image formation can be considered a higher-order
correction to a linear filtering.
The results from this section can be compared with the data presented in 4.2 and section
4.6 following below, for consistency. Indeed, the change in backscattering coefficient
at Ei = 3keV due to a 2nm-radius sphere of 7% Osmium underneath the beam impact
point reported in figure 4.13 is 2.7% (i.e. 2.7% of the incident electrons get backscattered
because of the sphere under the beam impact point. The remaining difference to the
4.9% change found in the two-spheres simulation can be explained by the change of the
distribution of electrons in the sample bulk due to the sphere: The heavy Osmium atoms
have a larger average scattering angle, so the density of electrons underneath the sphere
falls, while the density to the sides of the sphere rises.

4Data for massive Osmium were simulated but, as they bear no surprises, are not shown.
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4.3.2 Chemical Linearity
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Figure 4.6: Chemical linearity: Simulations of two 2nm-radius spheres (solid lines) and one 0.5nm-
radius sphere (broken line) at embedding depths of 2nm (red, green) and 20nm (blue) below the beam
impact point. The right panel is a close-up of the lower end of the left panel plot. The lines represent
least-square fits of 3rd order polynomials and are identical in both plots.

Simulations of stained spheres over varying staining density (figure 4.6) show that the
signal rises nearly linearly over a wide range of Osmium staining densities and only
begins to saturate for very high atomic fractions of Osmium. For smaller spheres (like the
ones used for the close-up in the psfs in figure 4.8), the linear range is further extended
than for larger ones.
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Figure 4.7: Robustness to chemical variations: backscattering coefficients from a pure bulk sample
and from a 7% Osmium sphere of 2nm radius right underneath the beam impact point, for four differ-
ent chemical compositions of the sample: Epoxy (53% H, 35% C, 12% O) and three variations, each
attenuating one of the components at the expense of the others.

Considering the effect of spatially varying chemical composition of the sample, a sim-
ulation of three different compounds with stark variations in the atomic fractions of the
constituents (figure 4.7) show the simulation is quite robust with regards to the smaller
changes in the chemical structure expected in a real biological sample. Even if the bulk
backscattering coefficient is raised (by attenuating the heaviest of the bulk elements, Oxy-
gen) to the level of the signal from a 7% Osmium sphere of 2nm radius in an Epoxy bulk,
the contrast between the sphere signal and the background falls off by only about 20%.
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4.4 Point-Spread Functions

We recall from chapter 1 that the model we are trying to apply to the data f (x) is a linear
convolution of the sample density g(x) with the point-spread function h(x):

f (x) =
∫

g(y)h(x − y) dy (4.2)

From this equation, it is obvious that h can be measured by considering the signal of a
perfect point source, a Dirac δ-function:

h(x) =
∫
δ(y)h(x − y) dy (4.3)

Of course, a perfect point-like source is not available in this type of simulation.5 A small
sphere, however, suggests itself as an approximate substitute and was hence used here to
determine approximate point-spread functions for the SEM:

x

z

The spatial extent of the region within which an object can affect the backscattering sig-
nals depends on a number of factors. Taking the finite spot size of the beam (section
2.2) aside, we can focus on the effect of the interaction between beam electrons and the
sample. To map the point spread function, a stained sphere is placed at varying positions
around the impact point, measuring the backscattering coefficient for each position. To
obtain results of sufficient precision and resolution in a reasonable time we have to choose
the fractional density of Osmium and the size of the test object carefully. While the spatial
resolution improves, of course, as the sphere gets smaller, the number of traces needed
for a given accuracy increases as the sphere volume decreases. In the results presented
here, a sphere diameter of 4nm was chosen for most of the simulations. This size is com-
parable to the SEM focus diameter but is still smaller than, for example, the thickness of
cell membranes. The atomic fraction of Osmium was chosen such that about one scatter-
ing event by an Osmium atom occurs while the electron traverses the sphere; for a 4nm
sphere a density of 12% Osmium fulfils this requirement. The simulations cover only a
small part of the interaction volume (figure 4.3), since preliminary simulations showed
that the signal in areas outside the regions presented here was negligibly small.
At the sphere sizes used in the simulations, a large part of the structure of the point-spread
functions, especially in the area close to the beam impact point, is masked by the shape
of the sphere used. Simulations using smaller spheres (figure 4.9) show the underlying
true structure of the psf, growing in lateral spread with rising depth. At larger depths, the
simulations using 4nm spheres show this broadening, too (figure 4.10).
The energy-dependency of the instrument’s detector can be accounted for by weighting
backscattered electrons according to their energy and the detector’s quantum efficiency.
However, this has only a minor effect on the shape of the point-spread functions (figure

5See section 5.4, though, for a concept that might allow the measurement of signals from truly point-like
objects.
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Figure 4.8: Simulated point-spread functions, for a primary beam energy of 3keV (left), using spheres
of 4nm diameter and 12% Osmium density, and for 7keV (right), also using 4nm diameter and 12%
Osmium for the simulated spheres. The colour-map used is scaled relative to the square root of the
signal to enhance the visibility of the lower signal parts of the point-spread function. The clearly visible
symmetry in these and the following plots is due to the fact that only the right half of each plot represents
actual data. The other half is a mirroring, making use of the cylindrical symmetry of the situation, and
was added for clarity.
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Figure 4.9: Close-up of the region surrounding the beam impact point, at a beam energy of 3keV and
for a sphere of 1nm diameter. At this small sphere size, the Osmium density can be raised to 55% while
upholding the condition of single Osmium scattering on average. Both subfigures show the same data.
Again, the colour-map is scaled relative to the signal’s square root.
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4.11, right). As mentioned in section 2.2.2, the effect of lens aberrations can be simulated
by convolving the point-spread functions for a singular beam impact point laterally with
the distribution of electrons in a more realistic electron beam (figure 4.11, left).
One could fear that the weaker parts of the point-spread functions at larger lateral dis-
tances could still contribute to the information volume (as they represent a toroidal vol-
ume rising with radial distance), but that these contributions could be masked by the
background noise. To check this, a simulation of two single data points – one of an empty
bulk, to measure the background, and one with a 2nm-radius, 12% Osmium sphere at
(20,0,40)nm – was conducted to a total number of 1.3 · 108 traces. The resulting back-
ground (i.e. the simulated backscattering coefficient for pure Epoxy) is

ηEpoxy = 5.820% ± 0.002% (4.4)

with the backscattering coefficient with the sphere being

η(20,0,40),2nm,12% Os,108 = 5.822% ± 0.002% (4.5)

The psf signal at 4nm lateral distance6 at this embedding depth (40nm) is

η(4,0,40),2nm,12% Os,106 = 5.918% ± 0.02% (4.6)

If we correct for the background and attenuate the two signals by their lateral distances
(20nm and 4nm), we get

η(20,0,40),2nm,12% Os,108 − ηEpoxy

η(4,0,40),2nm,12% Os,106 − ηEpoxy
·

20
4
= 10% ± 2% (4.7)

(All errors represent variations by one estimated standard deviation). From the general
shape of the point-spread functions, we can conclude that the fall-off should only become
more pronounced towards the sample surface, so this value should become even smaller.
Hence the psf seems to fall off faster than r−1 and this sort of error can be ruled out.

4.4.1 Discretised Point-Spread Functions

The pixels of SBFSEM images are larger than the individual grid fields used to record
the point-spread functions presented here. Discretised point-spread functions, as they
would be needed for restoration algorithms, can be generated by summing the psf values
over grid fields contributing to one image pixel and normalising the resulting point-spread
function to an integrated value of 1. Actual pixel sizes in SBFSEM images vary with slice
thickness and the 2D imaging mode used. For a hypothetical SBFSEM using cubic pixels
of 20nm edge length, the psfs presented in figure 4.8, after correcting for detector effi-
ciency and convolving with a 4nm spot size (analogous to figure 4.11), lead to discretised
psfs of the following form, for 3keV and 7keV, respectively:

0.005 0.012 0.005
0.003 0.0145 0.003
-0.001 0.0735 -0.001
0.002 0.238 0.002
0.007 0.6015 0.007

0 0 0
0 0 0
0 0 0
0 0 0

0.021 0.044 0.021
0.023 0.066 0.023
0.020 0.115 0.020
0.016 0.167 0.016
0.014 0.230 0.014

0 0 0
0 0 0
0 0 0
0 0 0

6We cannot use the central psf point here as it has no well defined lateral distance.
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Figure 4.10: Lateral sweeps at varying embedding depths: A 4nm sphere (12% Osmium) was placed at
growing lateral distances, for three different embedding depths. Note the growing spread of the signal
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sphere. Each data point represents 105 simulated traces, the statistical errors are comparable to the
size of the symbols used.
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Figure 4.11: Influences of experimental machine characteristics on the point-spread functions. Left:
Influence of the finite beam width. The uncorrected point-spread function for 3keV (figure 4.8 left)
was convolved laterally with a Gaussian of 4nm standard deviation. Right: Influence of the detector
characteristics: Backscattered electrons from the simulation for 3keV were thresholded at an acceptance
angle of 30◦and weighted with the quantum efficiency of the detector (figure 2.1). The unit of the colour-
bar is the number of electrons emitted by the detector per incident beam electron.
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Deviations of the integrated value from 1 are due to rounding errors. Note the assymetry
of the filter: The point-spread function results in an upward spread of point-like objects
in the SBFSEM images. Pixels below a stained region do not convey any physical7 in-
formation about the content of pixels above them, because at the time of imaging, this
material has already been cut away. The discretized psf for 7keV seems to show the ex-
pected pear-like shape (with lateral parts growing to a depth of about 80nm and falling off
afterwards), but it is not clear whether this is merely a statistical fluctuation (due to the
energy correction for each single electron, it is difficult to quantize the errors properly).
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Figure 4.12: Radial integrals of electron densities and point-spread functions. Left panel: Initial beam
energies of 3keV. Right panel: 7keV. The data for the psfs was generated by radially integrating the
psfs up to a radial distance of 16nm (for larger distances the noise in the background is attenuated
by the radial correction 2πr and becomes dominant), the densities were recorded directly by projecting
individual trace segments onto the z-axis. All datasets were normalised to a maximum value of 1.

Both the lateral and the depth spread of the psfs are much smaller than the distribution
of electrons, or backscattered electrons (both measures for the volume contributing to the
information making up a pixel used in previous work [26]) would suggest. Figure 4.12
shows the drop-off of the psfs and the two aforementioned distributions of electrons in
the z-direction. The 3keV-point-spread function falls off about two times faster than the
density of backscattered electrons, for 7keV this ratio seems to be even higher, although
the large statistical errors on this data-set do not allow a clear examination of this quan-
tity. A sharp lateral confinement of the signal strength has been noted in simulations of
heterogeneous semiconductor / conductor setups [84], [97] before.

4.6 Energy, Spatial and Angular Distribution of Backscat-
tered Electrons

The physical characteristics of backscattered electrons are of interest to the experimental-
ist as they may contain clues as to how the geometry of the instrument around the sample
may be changed to enhance image contrast or the signal to noise ratio. In this section we

7The continuous nature of the imaged biological structures can, however, be used to reconstruct objects
out of original images.
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Figure 4.13: Energy (left) and angular (right) distribution of backscattered electrons, for simulations of
106 electron traces in a pure Epoxy bulk (blue symbols) and in a bulk with a stained sphere of 2nm
radius, stained with 7% Osmium right underneath the beam impact point (red symbols). In the angular
plot the cosine-distribution, the theoretical model for the totally diffused case, and the differential Mott
scattering cross-section for 3keV for scattering angles θ > π/4 have also been plotted. In this right plot,
each data set was normalised individually to a value of 1 at the direction normal to the sample surface.

take a closer look at the results of two simulations of 106 electron traces each, one of an
unstained Epoxy bulk and another one simulating a sphere of radius r = 2nm right un-
derneath the beam impact point (i.e. the sphere centre lies at the coordinates (0,0,2)nm),
with 7% Osmium number fraction. In both simulations, the final tuple T f of the traces of
each backscattered electron was logged.

4.6.1 Energy Distribution

The energy distribution of the backscattered electrons from the pure bulk (4.13) closely
resembles similar distributions published before [26]: The BSEs energy distribution is
spread out broadly, with a long tail caused by diffused electrons. For bulk materials
of higher electron density (i.e. towards rising nuclear charges), this distribution gets
more and more skewed towards the higher energies, as the probability for electrons to
be backscattered over the course of a small number of scattering events rises.
In our simulation, we can see a similar effect created by the stained sphere within the
volume, i.e. a sharp peak at high energies, caused by electrons backscattered within very
few (1-4) scattering events8. If we raise the embedding depth of the sphere (results not
shown), this peak moves down to lower energies (not surprisingly, as the electrons have
already lost a part of their energies once they reach the sphere) and becomes weaker, just
as the signal from the sphere falls of (as described by the psfs presented in 4.5).

4.6.2 Angular Distribution

The angular distribution of BSEs from the pure bulk lies on a circle above the sample, the
graphical representation of a distribution given by

d(θ) ∝ cos θ (4.8)

Walther Bothe established in 1929 [98] that this distribution is the result of an electron
distribution in the sample that Philipp Lenard [99] called the “Normal case”: total diffu-
sion. In this situation, the electrons have been scattered so often that they have effectively
reached thermal equilibrium, i.e. each direction of flight is equally probable in the bulk.

8This number has been established using a similar simulation to the one presented in figure 4.13, but
logging the number of scattering events for every BSE, too (results not shown).
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Figure 4.14: Spatial Distribution of BSEs: 103 results of simulations of a pure Epoxy bulk (blue) and a
simulation with a sphere of 2nm radius, stained with 7% Epoxy right underneath the beam impact point.
These have been coloured red (E < 2.7keV) and green (E > 2.7keV).

Note that this does not mean each backscattering direction be equally probable. Instead,
the sample surface acts as a “drain” to the electron distribution, creating the distribution
visible in figure 4.13.
It was already established in the preceding paragraph that the introduction of the stained
sphere under the beam impact point produces high energy BSEs having undergone barely
a few scattering processes. The angular distribution supports this finding: With the stained
inclusion, the distribution becomes more “slender”, i.e. skewed towards the normal to the
sample surface. If we only consider the distribution of high energy electrons (which are,
in effect, the ones causing this deviation) we are led to a distribution that very closely
resembles the differential Mott cross-section of Osmium at 3keV, the initial energy used
here. It shows the prominent backward peak typical of the Mott cross-section at this
energy and hence leads to the attenuation of backward scattering angles.

4.6.3 Spatial Distribution

Since the detector used in SEMs is typically several orders of magnitude wider than the
interaction volume in the sample, the spatial distribution of the points where BSEs leave
the sample (figure 4.14) is not very important for the fidelity of the imaging process. It is
nevertheless included here for completeness.
The distribution of BSE’s “points of emergence” from the sample takes the shape of a
blurred disc. The introduction of the sphere under this centre adds a rather compact set
of emergence points to this distribution, once again showing the effect of direct backscat-
tering.
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Chapter 5

Discussion and Conclusions

5.1 Applicability of the Linear Model

The results presented in section 4.3 (the simulations using two spheres) suggest that the
influence of two sparsely stained objects on each other is low compared to a more chem-
ically heterogeneous sample, and that the combined effect of large stained regions on
objects in their vicinity is not overpowering. While it is difficult to estimate the extent
of spatial linearity needed for efficient deconvolution by any way short of actually devel-
oping a deconvolution algorithm for the SBFSEM images, these results make it seem at
least tempting to try such an approach.

5.2 The Linear Filter

I have presented point-spread functions for initial electron energies of 3keV and 7keV.
They suggest an information volume with a spread in the direction normal to the sample
surface much smaller than the volume reached by backscattered electrons, let alone the
total interaction volume. In the lateral dimensions, the point-spread functions exhibit a
very small spread, in agreement with previous simulations in different chemical situa-
tions.
It is somewhat surprising that the point-spread functions fall off considerably faster in
depth than the densities of backscattered electrons, a quantity previously used as an ad-
hoc model for the instrument’s information volume [26]. On second thought, however, it
is not obvious why this density should be a good measure of the point-spread function:

For a stained region to raise the backscattering coefficient, two conditions have to be
met (see also section 2.1): First, the average direction of flight of electrons passing the
region must point away from the sample surface (for the more isotropic scattering in
the region can then raise the chance of individual electrons to be heading towards the
surface after the scattering event). Second, the stained region also has to lie at a position
such that scattered electrons have a considerable chance to return to the surface after the
scattering event. While the latter condition is linked to the distribution of backscattered
electrons (figure 5.1), the former is not: With increasing lateral distance to the impact
point, the average direction of flight for backscattered electrons and the whole set of
electrons (figure 5.2) quickly loses its downward component, providing an explanation
for the quick lateral fall-off visible in the psfs. In fact, directly to the side of the beam
impact point, electrons have a strong preference for upward movements, even suggesting
a possible slight negative effect of a stained region there on the backscattering coefficent
(the simulated point-spread functions, however, do not show this effect at the reached
statistical resolution).
These results also disagree with Lenard’s and Bothe’s approximate model [99] [98] which
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Figure 5.1: Unconditional chance for electrons to eventually turn into BSEs for a pure bulk sample. The
plot was created by bin-wise division of the data-sets for the total electron density and the BSE density
presented in figure 4.3. Introduction of a stained sphere (results not shown) at a depth of 20nm very
slightly stretches the shown distribution towards larger depths.
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Figure 5.2: Average direction of flight for electrons in the sample (left) and for the subset of eventually
backscattered electrons (right). The data set was recorded by adding the direction cosines with the
z-axis and the current radial projection plane on a grid of 10nm spacing, normalising each bin by the
number of electrons having passed it afterwards.
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assumes a total loss of directional preferences (total diffusion) for most of the interaction
volume (their model remains approximately true, as can be seen from the cosine-like
distribution of backscattered electrons reproduced by the simulation, see below and figure
4.13). Electron traces exhibit a certain degree of “stiffness”: A correlation between an
electron’s spatial position in the sample and the probability distribution for its direction
of flight. Electrons right underneath the beam impact point tend to move downward,
while those close to the sample surface have a preferred upwards direction of flight. The
cause for this effect is, of course, the strong anisotropy in the differential scattering cross-
sections: The transport length

λtr = (Nσtr)−1 (5.1)

is a measure of the “direction memory”, i.e. the length over which the direction en-
tropy decays. For the Epoxy compound presented here, at an energy of 3keV, it lies at
λtr = 395nm, in contrast to the mean free path λel of just 11nm at the same energy. It is
thus clear that the angular distribution of electrons in the sample have a crucial influence
on the shape of point-spread functions and densities alone cannot provide a valid model
for the information volume.
The findings presented here are also supported by results of recent Monte Carlo simu-
lations in the semiconductor community [97], [84] and experimental evidence from the
SBFSEM images [5]: If the distribution of BSEs in the sample were a valid measure
of the information volume, one would expect a strong lateral blurring (over widths of
∼ 100nm) that are not visible in SBFSEM images.

5.3 Energy and Angle distribution of backscattered elec-
trons

The simulation results suggest that backscattered electrons from stained regions closer
to the surface have a higher energy on average, such that energy filtering in the micro-
scope (using a potential gradient between sample and detector, or changes in the detector
efficiency) could be used to enhance the depth resolution of the microscope.
Further, the simulations show only a minor effect on the angular distribution of the
backscattered electrons caused by staining, hence changes in the detector geometry can-
not be recommended based on these results.

5.4 Shortcomings, Possible Improvements and Outlook

Unfortunately, early design decisions and a limited time frame have led to certain short-
comings of this project. In the interest of those continuing the work on this area, I will
present here what, given the chance for a second try, I would do differently this time
round.

• The simulation presented here was written entirely in MatLab. While this dras-
tically lowered the design-time, it lead to rather dirty “Spaghetti-code” (because
MatLab has speed issues with nested functions) and problems with speed in gen-
eral (a quick estimation based on the number of floating point operations suggests
that the simulation could be about 5 times faster if written in C). It is, however, not
entirely clear that this is much of a problem, given that the problems with statistics
could only be overcome by improvements in speed over several orders of magni-
tude. A probably much better approach to this problem will be presented below, in
this list’s last item.

• The decision to omit inelastic effects in the modelling of scattering and the use
of Joy’s rather simple formula for the stopping power allowed the use of Epoxy



64 Discussion and Conclusions

as a realistic bulk material (for which optical data is not readily available 2.3.4,
3.7). Nevertheless, it most probably creates the simulations’ dominant systematic
error. It should be considered to either acquire optical data for Epoxy or use a bulk
material comparable to Epoxy chemically for which such data is already available.

• The algorithm used to determine passage of the stained sphere is rather inflexible,
for example it does not trivially scale to a larger number of spheres, or allow the
simulation of other geometrical objects which might be of interest for the questions
at hand, e.g. horizontal and vertical sheets of stained material. Here, the use of
an object-oriented programming language like C++ could drastically improve the
flexibility of the code. (Such code was presented in [23], although this implemen-
tation still seems to be rather computationally expensive).

• Obviously, what is direly needed is an analytical model for the information volume.
Unfortunately, there was not enough time to develop and test such a model.

• Last, and most importantly: The simulation in its current form is extremely waste-
ful: While only traces that actually touch the sphere are of interest in principle, a
large amount of traces that never actually fulfil this condition have to be simulated.
For sphere positions far away from the beam axis, which represent cylindrical vol-
umes much larger than the points close to the axis of symmetry and hence can have
significant influence on the information contributing to a single voxel, the chance of
any given trace touching the stained volume are very low. On the other hand, espe-
cially close to the beam axis where the modulus of the gradient of the point-spread
function is large, one would very much like to simulate much smaller objects, to
mask as little as possible of the psf’s structure by the shape of the point object. A
straight-forward approach would be to measure the densities of electrons and their
chance to reach the surface everywhere in the sample volume just once and then
convolve this density for a given grid-point with the differential scattering-cross
section of Osmium and integrate over the probability to be back-scattered after-
wards, to calculate the value of the psf at this point. Unfortunately, this approach
necessitates electron density data resolved in position, energy and angular distri-
bution. Even at a moderate resolution of, say, 1nm in space, 100eV in energy and
1◦ in angle, we would end up with data-sets of about 2GB in size (for 3keV, at
8bit unsigned integer precision, easily rising beyond 300GB for 7keV and double
precision), which are awkward to handle for contemporary machines and, again,
necessitate very large numbers of simulated traces to overcome the “curse of di-
mensionality” problem associated with such high-dimensional data-sets (i.e. the
fact that the number of bins that have to be populated with sufficient numbers of
measurements is extremely large). Besides, this approach would not account for
the stopping-power effects of staining.

So really, we would like to sample from the conditional probability P(T |xs ∈ T ) of
electron traces passing the position of the point object. A possible approach1 would
be to condition the traces to run through the locus of the sphere, using a Markov-
Chain method to sample from this distribution (figure 5.3). One possible realisation
would be the Metropolis-Hastings-Algorithm [100]. This algorithm produces a
series of instances (i.e. traces, in our case) (T n)n∈N by drawing from a proposition
distribution Q(T t|T ′) (where T t is the last drawn trace, T ′ is the new trace to be
drawn), accepting the new trace if

a =
P(T ′)Q(T t|T ′)
P(T t)Q(T ′|T t)

(5.2)

1I am indebted to Maneesh Sahani of the Gatsby Unit for theoretical Neuroscience for setting me up on
this path.



5.4 Shortcomings, Possible Improvements and Outlook 65

xs

T2

T1

T0

. . .

Figure 5.3: Sketch of a possible improvement of the simulation using a Markov-Chain method to sample
from the conditional probability of traces having touched the sphere position. The initial trace, T0, is
chosen as the direct connection from the beam impact point to the locus of the sphere. From there
on, a Markov-Chain method like the Metropolis-Hastings algorithm is used to sample from a realistic
distribution of traces.

is larger than 1 and accepting it with probability a if a < 1. It can be shown that, af-
ter a “burn-in” period of varying length2 (and if the proposal density fullfills certain
conditions3), this algorithm produces random numbers approximately distributed
like the probability distribution P(T ), which, in our case, would be P(T |xs ∈ T ).
One could choose the initial trace to be the straight line segment from the beam
impact point to the locus of the sphere, the proposition distribution Q(T t|T ′) could
be chosen, e.g. as a distribution that either adds or takes away a scattering vertex to
the traces (with a probability dependent on the current trace length), drawing one
scattering angle / azimuthal angle / step length tuple, using this to determine the
position of the new vertex.

This method would allow one to simulate truly point-like objects. It is, however, far
from trivial to implement. Since the length of the burn-in period depends strongly
on the choice of Q(T t|T ′), the most pressing question is how to choose this distri-
bution sensibly.

5.4.1 Outlook

The results of the simulations presented here should be considered with the modicum of
doubt appropriate for every simulation of the physical reality. It would thus be interesting
to gather more information about the information volume from experimental data, e.g.
a set of SBFSEM images taken both at 3keV and 7keV primary beam energies: The
3keV images could be convolved with the 7keV psf and the Fourier spectrum of the
resulting image be compared with the original 7keV image (figure 5.4). Unfortunately,
such experimental data was not available for comparison at the time of writing. Previously
published images taken with a similar procedure [5], however, show a certain degree of
similarity.
Once the true shape and extent of the point spread function has been established, the
next step is the development of a good image restoration algorithm for SBFSEM images,
which have two obvious characteristics separating them from the astronomical, light mi-
croscopic and photographic images which are the standard subject of deconvolution:

• They are inherently three-dimensional. While this makes restoration more com-
putationally demanding, the higher dimensionality of pixel neighbourhoods might

2A marker for convergence (i.e. the end of this phase) is an approximately stable rejection rate of about
0.5 for new traces [74].

3Namely, the desired distribution P(T ) has to be the invariant distribution of the Markov chain and the
chain must be ergodic. Very often, it is also demanded the proposal density satisfy a condition called detailed
balance. [74]
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Figure 5.4: Simulated effect of raised beam energy: Shown is a two-dimensional cut, perpendicular
to the slicing planes, through a SBFSEM image of rabbit retina taken at a beam energy of ≈ 3keV
(“Experiment 592”, provided by courtesy of Kevin Briggman). From slice index 50 to 110, the image
was convolved with the simulated 7keV point-spread function (see section 4.4.1), and Poisson noise
subsequently added to counter the convolution’s smoothing effect.

also contribute helpful information for the enhancement of image quality.

• The convolution is sharply asymmetric: The information about the true greyness
value of a certain image pixel is encoded in the pixels to the side and above it (rel-
ative to the sample surface). The pixels below it contribute no useful knowledge:
At the time they were imaged, the tissue that made up the pixel in question was
already crumbled up on the ultratome’s diamond knife.

One could imagine that further helpful knowledge could be taken from the assumption the
true object consist of two clearly defined subsets (a foreground and a background), which
should have sharply separated greyness values. In fact, histograms of the greyness values
of SBFSEM images resemble two overlapping Gaussians. However, an attempt to restore
images using this model and a brute-force search for the pixel greyness maximizing the
a-posteriori probability showed only very limited success, which is probably due to an
insufficient signal to noise level in the images in question.

5.5 Summary

In this work, I have presented a Monte Carlo simulation of the interaction, in the Scan-
ning Electron Microscope, between beam electrons and a sample of chemical structure
typical for biological samples. By introducing spatially limited variations in the chemical
structure of the sample, the spatial linearity of image formation and thus the applicability
of a linear filter model were studied. The results indicate that, while small non-linearities
exist, the linear model is approximately applicable, and simulative measurements of the
linear filter, the point-spread function, were presented. The spatial extent of this filter, the
information volume, was found to be strongly confined laterally and much smaller than
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the total interaction volume in general. Measurements of the energy distributions of simu-
lated backscattered electrons suggest that energy filtering could help to enhance the depth
resolution of images acquired with a Serial Block Face Scanning Electron Microscope.
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Appendix A

Mathematical Appendix

A.1 The Dirac Equation in a Central Potential

This derivation of a form of the Dirac equation with a central potential stems from [21].
One of the many ways of writing the Dirac equation (using natural units ~ = c = e = 1) is[

αr

(
pr +

iβK
r

)
+ βm + V(r)

]
Ψ = EΨ (A.1)

with a four-component spinor Ψ(x, t). Here, αr is the radial part of the α-Operator made
up of the Pauli matrices and β is the fourth matrix generating a linearly independent set
with the Pauli matrices:

αr =
α.r
r

αi =

(
0 σi

σi 0

)
β = diag(1, 1,−1,−1) (A.2)

pr is the radial momentum operator and K is defined via the total Momentum J and the
angular momentum L:

pr = −i
1
r
∂

∂r
r K = β

(
J2 − L2 +

1
4

)
(A.3)

The operators β,K , L2 and Lz are mutually commuting, they form a Casimir set. We
consider a common eigenvector X of all four:

βX = X

KX = −kX

L2X = l(l + 1)X

JzX = m jX

(A.4)

the state Y = −αrX has the properties

X = −αrY

KY = −kY

βY = αrβX = −Y

(A.5)

The state
φ = F(r)Y + iG(r)X (A.6)

is a common eigenstate of K , Jz and the Hamiltonian

H =
[
αr

(
pr +

iβK
r

)
+ βm + V(r)

]
(A.7)
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from equation (A.1). So φ is the spinor we are searching for, the solution of the Dirac
equation. The eigenvalues of L2 are ( j ± 1/2)( j ± 1/2 + 1), depending on the direction of
the spin. If we denote the eigenvalues of K with k, this gives us

k↑ = −
(

j +
1
2

)
= −(l + 1) k↓ =

(
j +

1
2

)
= l (A.8)

From here, putting (A.6) into (A.1), using (A.4) and (A.5) yields

[E + m − V(r)] F±l (r) +
dG±l
dr
+

1 + k
r

G±l = 0

− [E − m − V(r)] G±l (r) +
dF±l
dr
+

1 − k
r

F±l = 0
(A.9)

the form used in the formal derivation of the partial wave expansion in 2.3.3.

A.2 Special Functions

A.2.1 Legendre Polynomials and Associated Legendre Functions

The Legendre Polynomials Pl(u) are a special case of the associated Legendre Functions
Pm

l for m = 0, which, in turn are defined as the solutions of Legendre’s differential equa-
tion: [

(1 − u2)
d2

du2 − 2u
d
du
+ l(l + 1) −

m2

1 − u2

]
Pm

l (u) = 0 (A.10)

The Legendre Polynomials fulfill the recursive property

Pl(u) =
(l + 1)Pl+1(u) + lPl−1(u)

u(2l + 1)
(A.11)

The Legendre Polynomials are eigenfunctions of the square of the angular momentum

L2 = −~2
(
∂2

∂θ2
+ cot θ

∂

∂θ
+

1
sin2 θ

∂

∂φ2

)
L2Pl(cos θ) = ~2l(l + 1)Pl(cos θ)

jl(0) = δl0

(A.12)

since L2 is a hermitian operator, the Legendre Polynomials form an orthogonal (in fact,
an orthonormal) basis set on the Hilbert space of square-integrable functions.

A.2.2 Bessel Functions and spherical Bessel Functions

The Bessel Functions Jn(x) can defined to be the solutions of Bessel’s differential equation[
x2 d2

dx2 + x
d
dx
+ (x2 − n2)

]
Jn(x) = 0 (A.13)

which are non-singular at x = 0. This is a second order differential equation, so a full
solution is a superposition of two independent solutions, which we can find as Jn and J−n.
The spherical Bessel functions are defined as

jl(x) =
√
π

2x
Jl+1/2(x) (A.14)

The irregular spherical Bessel function (or spherical Neumann function) is defined as

nl(x) = (−1)l+1
√
π

2x
J−l−1/2(x) (A.15)
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Both x jl(x) and xnl(x) are solutions to the differential equation[
d2

dx2 −
l(l + 1)

r2 + k2
]

yl(x) = 0 (A.16)

Some properties of these functions important to this work are

jl(x) ∼
x→∞

sin(x − lπ/2)
x

nl(x) ∼
x→∞

cos(x − lπ/2)
x

and
d jl(x)

dx
=

l
2l + 1

jl−1(x) −
l + 1
2l + 1

jl+1(x)

(A.17)

Bessels differential equation becomes hermitian if we divide it by x. Hence the Bessel
functions form an orthogonal basis set of the Hilbert space of square integrable functions.

A special relation

Proposition If (r, θ) is a set of linearly independent variables with r ∈ [0,∞] ⊂ R,
θ ∈ R and K is a scalar, then

exp(iKr cos θ) =
∞∑

l=0

(2l + 1)il jl(Kr)Pl(cos θ) (A.18)

Proof (This proof stems from [21]) Since r and θ are linearly separable, we can expand
both parts separately to get

exp(iKr cos θ) =
∞∑

l=0

cl jl(Kr)Pl(cos θ) (A.19)

and it remains to be shown that cl = (2l + 1)il. To do so, we define the variables x = Kr
and y = cos θ.

exp(ixy) =
∑

l

cl jl(x)Pl(y) (A.20)

Differentiation with respect to x gives

iy exp(ixy) =
∑

l

itcl jl(x)Pl(y) =
∑

l

cl
d jl(x)

dx
Pl(y) (A.21)

We use the recursive property of the Legendre polynomials (A.11) to get

iy exp(ixy) =
∑

l

itcl jl(x)
(l + 1)Pl+1(y) + lPl−1(y)

t(2l + 1)

=
∑

l

iPl(y)
[

l
2l − 1

cl−1 jl−1(x) +
l + 1
2l + 3

cl+1 jl+1(x)
] (A.22)

(the second line is created by shifting and renaming the summation index). On the other
hand, we can use the relation in (A.17) to produce

iy exp(ixy) =
∑

l

clPl(y)
[

l
2l + 1

jl−1(x) − −
l + 1
2l + 1

jl+1(x)
]

(A.23)

equating (A.23) and (A.22), we arrive at∑
l

Pl(y)
[

jl−1(x)l
( cl

2l + 1
−

icl−1

2l − 1

)
− jl−1(x)(l + 1)

( cl

2l + 1
+

icl+1

2l + 1

)]
= 0 (A.24)
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the Legendre polynomials are orthonormal to each other, so the expression in square
brackets has to vanish for all values of x, which yields the recursion relation

1
2l + 1

cl =
i

2l − 1
cl−1 (A.25)

To get a starting value c0 from which the cl can be built up, we set r = 0, which gives us

exp(0) = 1 =
∑

l

cl jl(0)Pl(cos θ) (A.26)

=
∑

l

clδl0Pl(cos θ) see (A.17) (A.27)

= c0 (P0(cos θ) = 1) (A.28)

from here we can inductively find the form cl = (2l + 1)il, which completes the proof.

�



Appendix B

Program Source Code

The following is the MatLab source code for the basic Monte Carlo simulation used with
slight variations for all the simulations presented in this work. As mentioned in section
5.4, because MatLab has speed issues with nested functions, the code had, unfortunately,
to be written in one long block on inline commands, resulting in a rather untidy appear-
ance.

function out = ph_MC_variable_density (numtraces, E_init, ...

Ups_H, Ups_C, Ups_O, Ups_Os, Os_DCS, position, radius, dens)

% function ph_MC_variable_density, a Monte-Carlo simulation of spherical

% objects, stained with a varying fraction of Osmium, included in a bulk of

% Epoxy.

%

% Usage: out = ph_MC_variable_density (numtraces,E_init, ...

% Ups_H, Ups_C, Ups_O, Ups_Os, Os_DCS,...

% position, radius, dens)

%

% where

% * numtraces is the number of traces (try 1e3 for a preliminary idea, 1e5

% for quite good statistics, 1e6 to 1e7 for useful psfs.

%

% * E_init is the initial electron energy, in keV (!). Values used in the

% publication: 3 and 7

%

% * Ups_H, Ups_C, Ups_O, Ups_Os are files listing the total elastic

% scattering cross-section for Hydrogen, Carbon, Oxygen and Osmium. They

% were created from Mayol & Salvat, Atomic Data and nuclear data tables,

% 1997 and are available through the file ’Cross-Sections.mat’

%

% * Os_DCS provides data for the differential scattering cross sections for

% Osmium. (This cannot be used for the lighter elements as the data-sets

% have too low a resolution to provide an adequate distribution of

% scattering angles). It created from the NIST Electron Elastic

% Scattering Cross-Section Database (Jablonski, Salvat, Mayol, 2003) and

% is available through the file ’DCS.mat’

%

% * position is the position of the centre of the sphere, in co-ordinates

% for [x,y,z]. It should be a row-vector, in units of centimetre (!). So,

% say you would like to put a sphere with its centre at 5nm lateral

% distance from the beam impact point and 10nm depth below the sample

% surface, use position = [5, 0, 10] .* 1e-7;

%

% * radius is the sphere’s radius, again in cm (!). So, a 2nm radius sphere

% should have radius = 2e-7;

%

% * dens provides the atomic fraction of Osmium to use within the stained

% spheres. Its value should be an element of the compact interval [0,1].

%

% <out> is the number of backscattered electrons. Divide out/numtraces to

% get the backscattering coefficient.

%

% To reiterate, some points worth noting:

% * All spatial dimensions are in [cm]. (1cm = 1e7 nm).

% * If position(3)<radius, not the full sphere will be simulated, but

% traces will still end at the sample surface (ie. the part of the sphere

% that protrudes over the sample surface will be effectively cut off).

% * Values for dens<0 or >1 are not allowed and will most likely lead

% to unexpected results.

%

% Philipp Hennig, 2006/2007, final version, cleaned up and with added

% comments for publication, March 2007.

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Constants %

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% mass densities:

rho_b = 1.22; % density of Epoxy (g/cmˆ3)

rho_h = 22.61; % density of pure metallic Osmium.

% with rising Osmium density, the mass density slowly changes from the

% Epoxy density to the much higher mass density of pure metallic Osmium.
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rho_c = rho_h*dens+(1-dens)*rho_b;

% the atomic fractions:

% these are values for "Epon 812 Hard", as used in

% Heinz Horstmann’s recipe. (personal communication, Dec. 15th 2006).

nH = .53;

nC = .35;

nO = .12;

% corrected versions for the regions with Osmium:

nHc = nH * (1-dens);

nCc = nC * (1-dens);

nOc = nO * (1-dens);

% nuclear charges:

Z_C = 6;

Z_O = 8;

Z_H = 1;

Z_Os = 76;

%nuclear masses:

A_C = 12.011;

A_O = 16.00;

A_H = 1.01;

A_Os = 190.23;

% Avogadro’s number:

Na = 6.0221415e23;

% mean ionisation energies in keV

% (Approximation taken from Joy’s book (1995))

J_H = (9.76*Z_H+58.5/Z_Hˆ(.19))*10ˆ(-3);

J_C = (9.76*Z_C+58.5/Z_Cˆ(.19))*10ˆ(-3);

J_O = (9.76*Z_O+58.5/Z_Oˆ(.19))*10ˆ(-3);

J_Os = (9.76*Z_Os+58.5/Z_Osˆ(.19))*10ˆ(-3);

% initial beam angles.

theta_init = 0; % incident scattering angle in radians;

phi_init = 0; % incident azimuthal angle;

% Note of caution: The ability to tilt the beam angle by changing these

% values is a nearly untested feature of this simulatio. All simulations

% in the paper use normal beam incidence, it might well be that changing

% these will lead to erroneous results.

position = position’; % because it comes transposed from ph_psf. A stupid design flaw.

% setting up the memory for the trace:

trace = zeros(1000,7,’double’);

out = 0;

% Note that MatLab will dynamically add more room for trace elements if the

% trace should get longer for some reason. It will get slower, then, but it

% will still work, i.e. there will be no buffer overflow.

% Split up the Upsilon Vectors to make the in-simulation algorithm faster:

% Energy scale for the total cross-section tables:

YE = Ups_H(1,:); % energy scale is identical for all elements.

% Total elastic scattering cross-sections:

YH_sigma = Ups_H(2,:)*1e-16;

YC_sigma = Ups_C(2,:)*1e-16;

YO_sigma = Ups_O(2,:)*1e-16;

YOs_sigma = Ups_Os(2,:)*1e-16;

% Correction Parameter for the first order approximation to Mott’s

% cross-section:

YH_y = Ups_H(5,:);

YC_y = Ups_C(5,:);

YO_y = Ups_O(5,:);

YOs_y = Ups_Os(5,:);

% Energy scale for the differential elastic scattering cross-sections:

Energies = Os_DCS(1,:)*1e-3;

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% The actual simulation begins here %

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

for n = 1:numtraces

trace(:) = NaN; % reset from last trace.

% set first electron co-ordinates (beam impact point):

trace(1,1) = 0; % starting point x-coordinate.

trace(1,2) = 0; % starting point y-coordinate.

trace(1,3) = 0; % starting point z-coordinate.

trace(1,4) = E_init;

trace(1,5) = sin(theta_init)*cos(phi_init);

trace(1,6) = sin(theta_init)*sin(phi_init);

trace(1,7) = cos(theta_init);

numit = 2;

E = E_init;

% interpolate total scattering cross-section linearly from tables:

cord = length(YE(YE<E*1e3));

dist = (E*1e3 - YE(cord)) / ( YE(cord+1) - YE(cord));

bound1_H = YH_sigma(cord);

bound2_H = YH_sigma(cord+1);
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bound1_C = YC_sigma(cord);

bound2_C = YC_sigma(cord+1);

bound1_O = YO_sigma(cord);

bound2_O = YO_sigma(cord+1);

sigma_H = bound1_H + (bound2_H - bound1_H)*dist;

sigma_C = bound1_C + (bound2_C - bound1_C)*dist;

sigma_O = bound1_O + (bound2_O - bound1_O)*dist;

sigma_tot = nH*sigma_H + nC*sigma_C + nO*sigma_O;

% Mean free path in bulk:

lambda_b = (nH*rho_b*Na*sigma_H/A_H + nC*rho_b*Na*sigma_C/A_C + nO*rho_b*Na*sigma_O/A_O)ˆ(-1);

% These values will be used for the energy loss:

Z_bulk = (nH*sigma_H*Z_H + nC*sigma_C*Z_C + nO*sigma_O*Z_O)/sigma_tot;

A_bulk = (nH*sigma_H*A_H + nC*sigma_C*A_C + nO*sigma_O*A_O)/sigma_tot;

J_bulk = (nH*sigma_H*J_H + nC*sigma_C*J_C + nO*sigma_O*J_O)/sigma_tot;

% Draw free path:

R = rand;

s = -log(R) * lambda_b;

% test wether our trace is going to traverse the Os sphere.

% All the variables that are used for the intersection test start with

% an i, to avoid unintended double usage.

inow = [ trace(1,1); trace(1,2); trace(1,3) ];

inext = [ trace(1,1) + s*trace(1,5); trace(1,2) + s*trace(1,6); trace(1,3) + s*trace(1,7) ];

il = inext - inow;

ill = norm(il)ˆ2;

ik = position - inow;

ic = ik’*il;

iu1 = (ic - sqrt( ic*ic - ill*(norm(ik)ˆ2-radiusˆ2))) / ill;

iu2 = (ic + sqrt( ic*ic - ill*(norm(ik)ˆ2-radiusˆ2))) / ill;

% Is there an intersection?

if ( isreal(iu1) && ˜ ( (iu1<0 && iu2<0) || (iu1>1 && iu2>1) ) )

% if we are here, the trace runs at least partly through the

% sphere. So we will have to calculate the free path in Os:

bound1_Os = YOs_sigma(cord);

bound2_Os = YOs_sigma(cord+1);

sigma_Os = bound1_Os + (bound2_Os - bound1_Os)*dist;

sigma_tot = dens*sigma_Os + (1-dens)*sigma_tot;

% later used for the energy loss:

Z_stained = (nHc*sigma_H*Z_H + nCc*sigma_C*Z_C + nOc*sigma_O*Z_O + dens * sigma_Os*Z_Os)/sigma_tot;

A_stained = (nHc*sigma_H*A_H + nCc*sigma_C*A_C + nOc*sigma_O*A_O + dens * sigma_Os*A_Os)/sigma_tot;

J_stained = (nHc*sigma_H*J_H + nCc*sigma_C*J_C + nOc*sigma_O*J_O + dens * sigma_Os*J_Os)/sigma_tot;

% mean free path in sphere:

lambda_h = (nHc*rho_c*Na*sigma_H/A_H + nCc*rho_c*Na*sigma_C/A_C ...

+ nOc*rho_c*Na*sigma_O/A_O + dens*rho_c*Na*sigma_Os/A_Os)ˆ(-1);

% Next, we need to find out where the trace actually intersects

% with the surface of the sphere.

% We’ve already calculated theoretical intersection points for an

% infinitely long trace and we know that there is at least one

% actual intersection point. But which one?

if iu1<0

ix1 = inow;

idb = 0;

elseif iu1 < 1 % this elseIF is not actually needed

% (because it should be iu1 < iu2 and if iu1>1 it would then be

% impossible to get here because of the if-statement ten lines

% up), but it is a good bug-fixing test.

ix1 = inow + iu1 * il;

idb = norm(ix1-inow);

else % if we are here, something went wrong.

fprintf(2,’Error: iu1 and iu2 are mixed up.’);

return

end

% correct the free path:

s = - lambda_h * ( (1/lambda_b - 1/lambda_h)*idb + log(R));

% now we repeat the last step using the new free path: Where are

% intersections with the sphere?

inext = [ trace(1,1) + s*trace(1,5); trace(1,2) + s*trace(1,6); trace(1,3) + s*trace(1,7) ];

il = inext - inow;

ill = norm(il)ˆ2;

ik = position - inow;

ic = ik’*il;

% the first point of intersection (ix1) is the same as before

iu2 = (ic + sqrt( ic*ic - ill*(norm(ik)ˆ2-radiusˆ2))) / ill;

if iu2 > 1 % if the trace ends in the sphere

ix2 = inext;

idh = norm(ix2 - ix1); % hence idb + idh = inext - inow (=s);

% calculate energy loss and update the energy:

E = E - 78500*rho_b*Z_bulk/(A_bulk*E) * log(1.166*(E+.85*J_bulk)/J_bulk) * idb;

E = E - 78500*rho_c*Z_stained/(A_stained*E) * log(1.166*(E+.85*J_stained)/J_stained) * idh;

% tell the next step that it has to start in the sphere (i.e.

% draw a scattering angle including Osmium):

inflag = 1;

else

ix2 = inow + iu2 * il;

idh = norm(ix2 - ix1);

% in this special case we have to redraw the free path once

% again.

s = - lambda_b * ( (1/lambda_h - 1/lambda_b) * idh + log(R));

inext = [ trace(1,1) + s*trace(1,5); trace(1,2) + s*trace(1,6); trace(1,3) + s*trace(1,7) ];

% Energy Loss:

E = E - 78500*rho_b*Z_bulk/(A_bulk*E) * log(1.166*(E+.85*J_bulk)/J_bulk) * idb;
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E = E - 78500*rho_c*Z_stained/(A_stained*E) * log(1.166*(E+.85*J_stained)/J_stained) * idh;

E = E - 78500*rho_b*Z_bulk/(A_bulk*E) * log(1.166*(E+.85*J_bulk)/J_bulk) * norm(inext - ix2);

inflag = 0;

end

else % the most frequent case -- no Os involvement:

E = E - 78500*rho_b*Z_bulk/(A_bulk*E) * log(1.166*(E+.85*J_bulk)/J_bulk) * s;

inflag = 0;

end

% update the electron co-ordinates:

trace(2,1)= s*trace(1,5); % x

trace(2,2)= s*trace(1,6); % y

trace(2,3)= s*trace(1,7); % z

trace(2,4)= E; % Energy

trace(2,5)= trace(1,5); % cos with x-axis

trace(2,6)= trace(1,6); % cos with y-axis

trace(2,7)= trace(1,7); % cos with z-axis

% This was the inital step each electron has to undergo before it is

% scattered for the first time. Now, the actual MC loop starts:

while (numit < 1000 && E > J_O && isreal(E))

numit = numit + 1;

% several random numbers we will need:

R = rand;

p = rand;

% interpolate total cross-section

cord = length(YE(YE<E*1e3));

dist = (E*1e3 - YE(cord)) / ( YE(cord+1) - YE(cord));

bound1_H = YH_sigma(cord);

bound2_H = YH_sigma(cord+1);

bound1_C = YC_sigma(cord);

bound2_C = YC_sigma(cord+1);

bound1_O = YO_sigma(cord);

bound2_O = YO_sigma(cord+1);

sigma_H = bound1_H + (bound2_H - bound1_H)*dist;

sigma_C = bound1_C + (bound2_C - bound1_C)*dist;

sigma_O = bound1_O + (bound2_O - bound1_O)*dist;

sigma_tot = nH*sigma_H + nC*sigma_C + nO*sigma_O;

Z_bulk = (nH*sigma_H*Z_H + nC*sigma_C*Z_C + nO*sigma_O*Z_O)/sigma_tot;

A_bulk = (nH*sigma_H*A_H + nC*sigma_C*A_C + nO*sigma_O*A_O)/sigma_tot;

J_bulk = (nH*sigma_H*J_H + nC*sigma_C*J_C + nO*sigma_O*J_O)/sigma_tot;

% Probabilites for different scattering partners:

P_H = sigma_H * nH/sigma_tot;

P_C = sigma_C * nC/sigma_tot;

% P_O = sigma_O * nO/sigma_tot; % not actually needed since

% P_O = 1 - P_C - P_H

% Mean free path in bulk:

lambda_b = (nH*rho_b*Na*sigma_H/A_H + nC*rho_b*Na*sigma_C/A_C + nO*rho_b*Na*sigma_O/A_O)ˆ(-1);

% draw an azimuthal angle (it is uniformly distributed regardless

% of the scattering partner:

phi = 2*pi*rand;

% cosines to the axes:

cx = trace(numit-1,5);

cy = trace(numit-1,6);

cz = trace(numit-1,7)+eps; % added eps, the machine error, in case cz should be zero.

% values needed for the propagation, see the identically named

% variables in Joy’s simulation (1995) and the original paper on

% the propagation of these co-ordinates (Mycklebust et al., 1976)

AN = -(cx/cz);

AM = 1/sqrt(1+AN*AN);

V3 = cos(phi);

V4 = sin(phi);

r = rand; % this last random number is for the scattering angle.

p = rand; % the random number to decide upon which atom scatters.

% draw a scattering angle:

% does the scattering occur within the sphere?

if inflag

% interpolate total scattering cross-section:

bound1sig = YOs_sigma(cord);

bound2sig = YOs_sigma(cord+1);

sigma_h = bound1sig + (bound2sig - bound1sig)*dist;

sigma_tot = dens*sigma_h + (1-dens)*sigma_tot;

% probability to scatter off Osmium:

P_Os = dens * sigma_h / sigma_tot;

P_H = sigma_H * nH/sigma_tot;

P_C = sigma_C * nC/sigma_tot;

% P_O = sigma_O * nO/sigma_tot;

if p < P_Os

% PWE Mott cross-section:

% Data from Jablonski et al. 1994. (NIST)

% Interpolate:

co = length(Energies(Energies<E));

% that’s actually faster than calculating 2 logarithms to

% find it directly.
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di = (E-Energies(co)) / (Energies(co+1)-Energies(co));

b1 = Os_DCS(3:end,co);

b2 = Os_DCS(3:end,co+1);

angle_dist = b1 + di*(b2-b1);

% Draw (composition method):

ra = fix(200*rand)+1;

xi = angle_dist(ra+1);

xj = angle_dist(ra);

xa = (xj + rand*(xi-xj));

cos_theta = 1 - 2*xaˆ2;

if cos_theta < -1;

cos_theta = -1;

elseif cos_theta > 1;

cos_theta = 1;

end

elseif p<P_Os+P_H

% Draw Hydrogen Angle: First order approximation to the

% Mott-cross section. Data from Mayol & Salvat 1997

bound1y = YH_y(cord);

bound2y = YH_y(cord+1);

alpha_b = bound1y + (bound2y-bound1y)*dist;

cos_theta = 1 - 2*alpha_b*r/(2+alpha_b-2*r);

elseif p<P_Os+P_H+P_C

% Draw Carbon Angle:

bound1y = YC_y(cord);

bound2y = YC_y(cord+1);

alpha_b = bound1y + (bound2y-bound1y)*dist;

cos_theta = 1 - 2*alpha_b*r/(2+alpha_b-2*r);

else

% Draw Oxygen Angle:

bound1y = YO_y(cord);

bound2y = YO_y(cord+1);

alpha_b = bound1y + (bound2y-bound1y)*dist;

cos_theta = 1 - 2*alpha_b*r/(2+alpha_b-2*r);

end

elseif p<P_C

% Draw Carbon Angle:

bound1y = YC_y(cord);

bound2y = YC_y(cord+1);

alpha_b = bound1y + (bound2y-bound1y)*dist;

cos_theta = 1 - 2*alpha_b*r/(2+alpha_b-2*r);

elseif p<P_C+P_H

% Draw Hydrogen Angle:

bound1y = YH_y(cord);

bound2y = YH_y(cord+1);

alpha_b = bound1y + (bound2y-bound1y)*dist;

cos_theta = 1 - 2*alpha_b*r/(2+alpha_b-2*r);

else

% Draw Oxygen Angle:

bound1y = YO_y(cord);

bound2y = YO_y(cord+1);

alpha_b = bound1y + (bound2y-bound1y)*dist;

cos_theta = 1 - 2*alpha_b*r/(2+alpha_b-2*r);

end

% more numbers needed for the propagation (co-ordinate

% transformation from the partical rest system into the laboratory

% system:

sin_theta = sqrt(1-cos_theta*cos_theta);

V1 = AM*sin_theta;

V2 = AN*AM*sin_theta;

ca = cx*cos_theta + V1*V3 + cy*V2*V4;

cb = cy*cos_theta + V4*(cz*V1-cx*V2);

cc = cz*cos_theta + V2*V3 - cy*V1*V4;

cv = [ca; cb; cc];

% draw a free path:

s = -log(R) * lambda_b;

% are we going to traverse the sphere with this s?

inow = [ trace(numit-1,1); trace(numit-1,2); trace(numit-1,3) ];

inext = inow + s*cv;

il = inext - inow;

ill = norm(il)ˆ2;

ik = position - inow;

ic = ik’*il;

iu1 = (ic - sqrt( ic*ic - ill*(norm(ik)ˆ2-radiusˆ2))) / ill;

iu2 = (ic + sqrt( ic*ic - ill*(norm(ik)ˆ2-radiusˆ2))) / ill;

if (isreal(iu1) && ˜ ( (iu1<0 && iu2<0) || (iu1>1 && iu2>1) ))

% if we are here we’re going to traverse the sphere. From here,

% everything is analogous to the corresponding lines in the

% inital step, so there will be less comments. If unsure, see

% above.

bound1sig = YOs_sigma(cord);

bound2sig = YOs_sigma(cord+1);

sigma_Os = bound1sig + (bound2sig - bound1sig)*dist;

sigma_tot = dens*sigma_Os + (1-dens)*sigma_tot;

Z_stained = (nHc*sigma_H*Z_H + nCc*sigma_C*Z_C + nOc*sigma_O*Z_O + dens * sigma_Os*Z_Os)/sigma_tot;

A_stained = (nHc*sigma_H*A_H + nCc*sigma_C*A_C + nOc*sigma_O*A_O + dens * sigma_Os*A_Os)/sigma_tot;

J_stained = (nHc*sigma_H*J_H + nCc*sigma_C*J_C + nOc*sigma_O*J_O + dens * sigma_Os*J_Os)/sigma_tot;

lambda_h = (nHc*rho_c*Na*sigma_H/A_H + nCc*rho_c*Na*sigma_C/A_C ...

+ nOc*rho_c*Na*sigma_O/A_O + dens*rho_c*Na*sigma_Os/A_Os)ˆ(-1);
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if iu1<0

ix1 = inow;

idb = 0;

else

ix1 = inow + iu1 * il;

idb = norm(ix1 - inow);

end

s = - lambda_h * ( (1/lambda_b - 1/lambda_h)*idb + log(R));

inext = inow + s*cv;

il = inext - inow;

ill = norm(il)ˆ2;

ik = position - inow;

ic = ik’*il;

% the first point of intersection (ix1) is the same as before

iu2 = (ic + sqrt( ic*ic - ill*(norm(ik)ˆ2-radiusˆ2))) / ill;

if iu2 > 1 % if the trace ends in the sphere

ix2 = inext;

idh = norm(ix2 - ix1); % hence idb + idh = inext - inow (=s);

% Energy loss:

E = E - 78500*rho_b*Z_bulk/(A_bulk*E) * log(1.166*(E+.85*J_bulk)/J_bulk) * idb;

E = E - 78500*rho_c*Z_stained/(A_stained*E) * log(1.166*(E+.85*J_stained)/J_stained) * idh;

inflag = 1;

else

% so the trace runs right out of the sphere again.

% That’s the most complicated of all cases.

ix2 = inow + iu2 * il;

idh = norm(ix2 - ix1);

% redraw the free path once again

s = - lambda_b * ( (1/lambda_h - 1/lambda_b) * idh + log(R));

% the distance between the end of the trace end its

% intersection with the sphere:

inext = inow + s*cv;

% Energy loss:

E = E - 78500*rho_b*Z_bulk/(A_bulk*E) * log(1.166*(E+.85*J_bulk)/J_bulk) * idb;

E = E - 78500*rho_c*Z_stained/(A_stained*E) * log(1.166*(E+.85*J_stained)/J_stained) * idh;

E = E - 78500*rho_b*Z_bulk/(A_bulk*E) * log(1.166*(E+.85*J_bulk)/J_bulk) * norm(inext - ix2);

inflag = 0;

end

else % no interaction with the Os in any way:

inflag = 0;

E = E - 78500*rho_b*Z_bulk/(A_bulk*E) * log(1.166*(E+.85*J_bulk)/J_bulk) * s;

end

% update trace:

trace(numit,1) = trace(numit-1,1) + s*ca; % x

trace(numit,2) = trace(numit-1,2) + s*cb; % y

trace(numit,3) = trace(numit-1,3) + s*cc; % z

trace(numit,4) = E; % Energy

trace(numit,5) = ca; % cos with x-axis

trace(numit,6) = cb; % cos with y-axis

trace(numit,7) = cc; % cos with z-axis

if trace(numit,3)<0

% if we are here, the electron has come back to the surface and

% is a backscattered electron:

out = out+1;

break

end

end

end

Variations of this code were written to accommodate two spheres in the volume, to record
the densities of Electrons, their projection on the z-axis, full traces coordinates and the
final coordinates of backscattered electrons.
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